
Ïðåîáðàçîâàíèå ãðàäèåíòà, äèâåðãåíöèè è ðîòîðà â êðèâîëèíåéíûå êîîðäèíàòû.

1 Îïðåäåëåíèÿ

Çàìåíà (x, y, z) −→ (p, q, s)  x = x (p, q, s)
y = y (p, q, s)
z = z (p, q, s)

(1)

Ðàäèóñ-âåêòîð ~r =~ix+~jy + ~kz
~r′p =~ix

′
p +~jy

′
p +

~kz′p (2)

Êîýôôèöèåíòû Ëàìý:

Hp ≡
∣∣~r′p∣∣ = (x′p)2 + (y′p)2 + (z′p)2 (3)

~ep ≡
~r′p
Hp

, |~ep| = 1 (4)

Àíàëîãè÷íî,
Hq ≡

∣∣~r′q∣∣ , Hs ≡ |~r′s| (5)

~eq ≡
~r′q
Hq

, ~es ≡
~r′s
Hs

Âåêòîðû ~ep, ~eq, ~es � îðòû íîâîé ñèñòåìû êîîðäèíàò. Ó îðòîãîíàëüíûõ ñèñòåì îíè èìåþò òàêèå ñâîéñòâà:

(~ep · ~ep) = 1, (~eq · ~eq) = 1, (~es · ~es) = 1, (6)

(~ep · ~eq) = 0, (~ep · ~es) = 0, (~eq · ~es) = 0, (7)

[~ep × ~eq] = ~es, [~eq × ~es] = ~ep, [~es × ~ep] = ~eq. (8)

2 Ãðàäèåíò

Ïðîäèôôåðåíöèðóåì (1) ïî x, y è z:
1 = x′pp

′
x + x′qq

′
x + x′ss

′
x

0 = y′pp
′
x + y′qq

′
x + y′ss

′
x

0 = z′pp
′
x + z′qq

′
x + z′ss

′
x


0 = x′pp

′
y + x′qq

′
y + x′ss

′
y

1 = y′pp
′
y + y′qq

′
y + y′ss

′
y

0 = z′pp
′
y + z′qq

′
y + z′ss

′
y


0 = x′pp

′
z + x′qq

′
z + x′ss

′
z

0 = y′pp
′
z + y′qq

′
z + y′ss

′
z

1 = z′pp
′
z + z′qq

′
z + z′ss

′
z

(9)

Ïî ïðàâèëó Êðàìåðà, èç ïåðâîé ñèñòåìû

p′x =

∣∣∣∣∣∣
1 x′q x′s
0 y′q y′s
0 z′q z′s

∣∣∣∣∣∣∣∣∣∣∣∣
x′p x′q x′s
y′p y′q y′s
z′p z′q z′s

∣∣∣∣∣∣
=

(
~i, ~r′q, ~r

′
s

)
(
~r′p, ~r

′
q, ~r

′
s

) =
HqHs

(
~i, ~eq, ~es

)
HpHqHs (~ep, ~eq, ~es)

=
1

Hp

~i · [~eq × ~es]
~ep · [~eq × ~es]

=
1

Hp

~i · ~ep
~ep · ~ep

=
~i · ~ep
Hp

. (10)
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Àíàëîãè÷íî, èç âòîðîé ñèñòåìû â (9) ïîëó÷àåì

p′y =

∣∣∣∣∣∣
0 x′q x′s
1 y′q y′s
0 z′q z′s

∣∣∣∣∣∣∣∣∣∣∣∣
x′p x′q x′s
y′p y′q y′s
z′p z′q z′s

∣∣∣∣∣∣
=
~j · ~ep
Hp

, p′z =

∣∣∣∣∣∣
0 x′q x′s
0 y′q y′s
1 z′q z′s

∣∣∣∣∣∣∣∣∣∣∣∣
x′p x′q x′s
y′p y′q y′s
z′p z′q z′s

∣∣∣∣∣∣
=
~k · ~ep
Hp

. (11)

Òàê êàê äëÿ âñÿêîãî âåêòîðà ~a =~iax +~jay + ~kaz =~i
(
~i · ~a

)
+~j

(
~j · ~a

)
+ ~k

(
~k · ~a

)
,

grad p =~ip′x +~jp
′
y +

~kp′z =~i
~i · ~ep
Hp

+~j
~j · ~ep
Hp

+ ~k
~k · ~ep
Hp

=
~ep
Hp

. (12)

Ðåøàÿ ñèñòåìû (9) îòíîñèòåëüíî ïðîèçâîäíûõ äðóãèõ êîîðäèíàò, òåì æå ïóò¼ì íàõîäèì, ÷òî

grad q =
~eq
Hq

, grad s =
~es
Hs

. (13)

Ãðàäèåíò ïðîèçâîëüíîé ôóíêöèè u (p, q, s) íàõîäèòñÿ îòñþäà ìãíîâåííî:

gradu = u′pgrad p+ u′qgrad q + u′sgrad s =
u′p
Hp

~ep +
u′q
Hq

~eq +
u′s
Hs

~es (14)

3 Âñïîìîãàòåëüíûå ôîðìóëû. Ñâîéñòâà ïðîèçâîäíûõ ~e

3.1

∂

∂γ
|~eα · ~eβ = δαβ (15)

~eβ ·
∂

∂γ
~eα + ~eα ·

∂

∂γ
~eβ = 0 (16)

~eβ ·
∂

∂γ
~eα = −~eα ·

∂

∂γ
~eβ , (17)

ãäå α, β è γ � ïðîèçâîëüíûå êîîðäèíàòû èç íîâîé ñèñòåìû êîîðäèíàò

3.2

Â ÷àñòíîñòè, êîãäà α = β,

~eβ ·
∂

∂γ
~eβ = −~eβ ·

∂

∂γ
~eβ , (18)

γ = α

~eβ ·
∂

∂α
~eβ = 0, (19)
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3.3

~r′′αβ = ~r′′βα (20)

∂

∂β
(Hα~eα) =

∂

∂α
(Hβ~eβ) (21)

∂

∂β
Hα~eα +Hα

∂

∂β
~eα =

∂

∂α
Hβ~eβ +Hβ

∂

∂α
~eβ

∣∣∣∣ · ~eβ (22)

Â ñèëó (19)

Hα~eβ ·
∂

∂β
~eα =

∂

∂α
Hβ , (23)

~eβ ·
∂

∂β
~eα =

1

Hα

∂

∂α
Hβ , (24)

ãäå α 6= β.

3.4

Òåïåðü óìíîæèì
∂

∂β
Hα~eα +Hα

∂

∂β
~eα =

∂

∂α
Hβ~eβ +Hβ

∂

∂α
~eβ

∣∣∣∣ · ~eγ (25)

(γ 6= α, γ 6= β)

Hα~eγ ·
∂

∂β
~eα = Hβ~eγ ·

∂

∂α
~eβ (26)

~eγ ·
∂

∂β
~eα =

Hβ

Hα
~eγ ·

∂

∂α
~eβ (27)

4 Äèâåðãåíöèÿ

Äëÿ ïîëÿ ~F =~iP +~jQ+ ~kR äèâåðãåíöèÿ ïðèìåò âèä

div ~F = P ′
x +Q′

y +R′
z =

= P ′
pp

′
x + P ′

qq
′
x + P ′

ss
′
x +Q′

pp
′
y +Q′

qq
′
y +Q′

ss
′
y +R′

pp
′
z +R′

qq
′
z +R′

ss
′
z =

=
(
P ′
pp

′
x +Q′

pp
′
y +R′

pp
′
z

)
+
(
P ′
qq

′
x +Q′

qq
′
y +R′

qq
′
z

)
+
(
P ′
ss

′
x +Q′

ss
′
y +R′

ss
′
z

)
= (28)

= ~F ′
p · grad p+ ~F ′

q · grad q + ~F ′
s · grad s =

~F ′
p · ~ep
Hp

+
~F ′
q · ~eq
Hq

+
~F ′
s · ~es
Hs

Â ëîêàëüíîì áàçèñå~F = Fp~ep + Fq~eq + Fs~es

~F ′
p · ~ep =

∂

∂p
(Fp~ep + Fq~eq + Fs~es) · ~ep =

=

(
∂

∂p
Fp~ep +

∂

∂p
Fq~eq +

∂

∂p
Fs~es + Fp

∂

∂p
~ep + Fq

∂

∂p
~eq + Fs

∂

∂p
~es

)
· ~ep = (29)
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ïî (24)

=
∂

∂p
Fp + Fq~ep ·

∂

∂p
~eq + Fs~ep ·

∂

∂p
~es =

∂

∂p
Fp + Fq

1

Hq

∂

∂q
Hp + Fs

1

Hs

∂

∂s
Hp =

=
1

HqHs

(
HqHs

∂

∂p
Fp + FqHs

∂

∂q
Hp + FsHq

∂

∂s
Hp

)
.

Òàê æå ïîëó÷èì, ÷òî

~F ′
q · ~eq =

1

HpHs

(
HpHs

∂

∂q
Fq + FpHs

∂

∂p
Hq + FsHp

∂

∂s
Hq

)
, (30)

~F ′
s · ~es =

1

HpHq

(
HpHq

∂

∂s
Fs + FpHq

∂

∂p
Hs + FqHp

∂

∂q
Hs

)
. (31)

Òîãäà

div ~F =
~F ′
p · ~ep
Hp

+
~F ′
q · ~eq
Hq

+
~F ′
s · ~es
Hs

=

=
1

HqHsHp

(
HqHs

∂

∂p
Fp + FqHs

∂

∂q
Hp + FsHq

∂

∂s
Hp

)
+

1

HpHsHq

(
HpHs

∂

∂q
Fq + FpHs

∂

∂p
Hq + FsHp

∂

∂s
Hq

)
+

1

HpHqHs

(
HpHq

∂

∂s
Fs + FpHq

∂

∂p
Hs + FqHp

∂

∂q
Hs

)
=

=
1

HpHqHs

(
HqHs

∂

∂p
Fp + FpHs

∂

∂p
Hq + FpHq

∂

∂p
Hs+ (32)

+HpHs
∂

∂q
Fq + FqHs

∂

∂q
Hp + FqHp

∂

∂q
Hs+

HpHq
∂

∂s
Fs + FsHq

∂

∂s
Hp + FsHp

∂

∂s
Hq

)
=

=
1

HpHqHs

[
∂

∂p
(HqHsFp) +

∂

∂q
(HpHsFq) +

∂

∂s
(HpHqFs)

]

5 Ðîòîð (áåç äîêàçàòåëüñòâà)

rot ~F =
1

HpHqHs

∣∣∣∣∣∣
Hp~ep ∂/∂p HpFp
Hq~eq ∂/∂q HqFq
Hs~es ∂/∂s HsFs

∣∣∣∣∣∣ (33)
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