
I (p, q) =

∞̂

π

x cosx

xp + xq
dx (1)

Ðàññìîòðèì îáëàñòü p > q:

f (x) = cosx (2)

ϕ (x) =
x

xp + xq
=

1

xp−1 + xq−1
(3)

f (x)ϕ (x) =
x cosx

xp + xq
(4)

1) Îãðàíè÷åííîñòü ïåðâîîáðàçíîé∣∣∣∣∣∣
bˆ

π

cosxdx

∣∣∣∣∣∣ = |sin b− sinπ| = |sin b| 6 1 < 2 (5)

2.1) Ñòðåìëåíèå ê íóëþ

lim
x→∞

ϕ (x) = lim
x→∞

x

xp + xq
= lim
x→∞

x1−p

1 + xq−p
= lim
x→∞

x1−p = 0 (6)

1− p < 0 (7)

p > 1 (8)

2.2) Ìîíîòîííîñòü

ϕ′ (x) = − (p− 1)xp−2 + (q − 1)xq−2

(xp−1 + xq−1)
2 < 0 (9)

(p− 1)xp−2 + (q − 1)xq−2 > 0 (10)

(p− 1) + (q − 1)xq−p > 0 (11)

Òàê êàê p > q
q − p < 0 (12)

lim
x→∞

xq−p = 0 (13)

lim
x→∞

[
(p− 1) + (q − 1)xq−p

]
= (p− 1) (14)

∀ε > 0 ∃X: ∀x > X =⇒∣∣[(p− 1) + (q − 1)xq−p
]
− (p− 1)

∣∣ < ε (15)

1



(p− 1)− ε <
[
(p− 1) + (q − 1)xq−p

]
< ε+ (p− 1) (16)

Äëÿ ε = p−1
2 > 0 ∃X1: ∀x > X1 =⇒

0 <
p− 1

2
<

[
(p− 1) + (q − 1)xq−p

]
. (17)

Ñõîäèòñÿ ïî ïðèçíàêó, àíàëîãè÷íîìó ïðèçíàêó Äèðèõëå, ïðè p > q è p > 1.

Äîêàæåì ðàñõîäèìîñòü ïðè p 6 1

x cosx

xp + xq
=
x1−p cosx

1 + xq−p
(18)

1) Òàê êàê p > q,

lim
x→∞

1

1 + xq−p
= 1 (19)

Äëÿ ε = 1
2 ∃B: ∀x > B =⇒ ∣∣∣∣ 1

1 + xq−p
− 1

∣∣∣∣ < 1

2
(20)

1

1 + xq−p
>

1

2
(21)

2) Ïðè x ∈
(
−π3 + 2πk, π3 + 2πk

)
cosx >

1

2
(22)

3) p 6 1 1− p > 0
lim
x→∞

x1−p =∞ (23)

∃C: ∀x > C =⇒
x1−p >

1

2
(24)

Âûáåðåì ∀X. A = max (B,C,X). x > A =⇒ x > C, x > B. Âûáåðåì öåëîå
k, ÷òîáû

k >
A+ π

3

2π
(25)

A < −π
3
+ 2πk (26)

Ïðè x ∈
(
−π3 + 2πk, π3 + 2πk

)
âûïîëíÿþòñÿ (21), (22) è (24):

x1−p cosx

1 + xq−p
>

1

8
(27)
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π
3 +2πkˆ

−π
3 +2πk

x1−p cosx

1 + xq−p
dx >

π
3 +2πkˆ

−π
3 +2πk

1

8
dx =

1

8

2π

3
=

π

12
(28)

∣∣∣∣∣∣∣
π
3 +2πkˆ

−π
3 +2πk

x1−p cosx

1 + xq−p
dx

∣∣∣∣∣∣∣ >
π

12
(29)

Èòàê: ∃ε = π
12 , ÷òî äëÿ ∀X ∃b = −

π
3 + 2πk è b1 = π

3 + 2πk:∣∣∣∣∣∣
b1ˆ

b

x1−p cosx

1 + xq−p
dx

∣∣∣∣∣∣ > ε. (30)

Èíòåãðàë ðàñõîäèòñÿ ïî êð. Êîøè.
p < q:

I (p, q) = I (q, p) (31)

ñõ. ïðè q > 1, ðàñõ. ïðè q 6 1
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