
1 Óñëîâèÿ çàäà÷è

U (x, t) , 0 6 x 6 l, t > 0 (1)

Óðàâíåíèå êîëåáàíèé:
Utt = a2Uxx (2)

Ãðàíè÷íûå óñëîâèÿ:
U |x=0 = U |x=l = 0 (3)

Íà÷àëüíûå óñëîâèÿ:
U |t=0 = F (x) , (4)

Ut|t=0 = F (x) . (5)

2 Âñïîìîãàòåëüíàÿ çàäà÷à

Utt = a2Uxx, (6)

U |x=0 = U |x=l = 0 (7)

(áåç íà÷. óñëîâèé).
U = 0 - òðèâèàëüíîå ðåøåíèå ýòîé çàäà÷è. Äàëüøå áóäåì èñêàòü íåòðè-

âèàëüíûå â âèäå
U (x, t) = X (x) · T (t) . (8)

Ïîäñòàâëÿåì:

XT ′′ = a2X ′′T

∣∣∣∣ 1

a2XT
(9)

T ′′

a2T
=
X ′′

X
= µ (10)

µx = 0, µt = 0, çíà÷èò µ = const.

2.1 Ïðîñòðàíñòâåííàÿ ÷àñòü

X ′′

X
= µ = const. (11)

X ′′ = µX (12)

ÎÄÅ ëèíåéíîå, îäíîðîäíîå ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Õàð. óðàâíå-
íèå:

λ2 = µ (13)

Ðàññìîòðèì ñëó÷àè:
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2.1.1 µ = α2 > 0

λ = ±α,
X = C1e

αx + C2e
−αx (14)

Äàëüøå ó÷ò¼ì ãð. óñëîâèÿ íà÷èíàÿ ñ ëåâîãî:

U |x=0 = 0 ⇒ X (0) · T (t) = 0 ⇒ X (0) = 0 (15)

(àíàëîãè÷íî äëÿ ïðàâîãî ãð. óñëîâèÿ X (l) = 0).

X (0) = C1+C2 = 0 ⇒ C2 = −C1 ⇒ X (x) = C1e
αx−C1e

−αx = 2C1sh (αx)
(16)

X (l) = 2C1sh (αl) = 0 ⇒ sh (αl) = 0 ⇒ αl = 0 (17)

Íåòðèâèàëüíûõ ðåøåíèé íåò

2.1.2 µ = 0

X ′′ = 0, X = C1x+ C2,

X (0) = C2 = 0 ⇒ X = C1x (18)

X (l) = C1l = 0 (19)

ðåøåíèÿ òîëüêî òðèâèàëüíûå.

2.1.3 µ = −α2 < 0

λ = ±iα,
X = C1 sin (αx) + C2 cos (αx) (20)

X (0) = C1 sin (0) + C2 cos (0) = C2 = 0 ⇒ X = C1 sin (αx) . (21)

X (l) = C1 sin (αl) = 0 ⇒ sin (αl) = 0 ⇒ αl = πn, n ∈ Z (22)

α =
πn

l
, µ = −

(πn
l

)2
(23)

X = C1 sin
πnx

l
(24)

n ∈ N (25)

2.2 Âðåìåííàÿ ÷àñòü

T ′′

a2T
= µ (26)

T ′′ = µa2T = −
(πna

l

)2
T (27)

T = C3 cos
(πna

l
t
)
+ C4 sin

(πna
l
t
)

(28)
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2.3 Ðåøåíèÿ âñïîìîãàòåëüíîé çàäà÷è

Íåòðèâèàëüíûå ðåøåíèÿ â âèäå (8)

Un = XnTn = sin
πnx

l

[
C1
n cos

(πna
l
t
)
+ C2

n sin
(πna

l
t
)]

(29)

Â ñèëó ëèíåéíîñòè

U =

∞∑
n=1

Un =

∞∑
n=1

sin
πnx

l

[
C1
n cos

(πna
l
t
)
+ C2

n sin
(πna

l
t
)]

(30)

òîæå ðåøåíèå.

3 Íà÷àëüíûå óñëîâèÿ

Âåðí¼ìñÿ ê èñõîäíîé çàäà÷å ñ íà÷àëüíûìè óñëîâèÿìè.

U |t=0 =

∞∑
n=1

C1
n sin

πnx

l
= F (x) (31)

Äîîïðåäåëèì íà −l 6 x 6 0 F (x) = −F (−x). Òîãäà íà −l 6 x 6 l F (−x) =
−F (x), ò.å. ôóíêöèÿ F (x) - íå÷¼òíàÿ è ðàñêëàäûâàåòñÿ â ðÿä ïî ñèíóñàì.
Òîãäà

C1
n =

1

l

lˆ

−l

F (z) sin
πnz

l
dz =

2

l

lˆ

0

F (z) sin
πnz

l
dz. (32)

Òåïåðü ó÷ò¼ì (5):

Ut|t=0 =
∂

∂t

∞∑
n=1

sin
πnx

l

[
C1
n cos

(πna
l
t
)
+ C2

n sin
(πna

l
t
)]∣∣∣∣∣

t=0

= (33)

=

∞∑
n=1

sin
πnx

l

[
−πna

l
C1
n sin

(πna
l
t
)
+
πna

l
C2
n cos

(πna
l
t
)]∣∣∣∣∣

t=0

= (34)

=

∞∑
n=1

πna

l
C2
n sin

πnx

l
= F (x) (35)

πna

l
C2
n =

2

l

lˆ

0

F (z) sin
πnz

l
dz (36)

C2
n =

2

πna

lˆ

0

F (z) sin
πnz

l
dz (37)
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