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Óñëîâèÿ çàäà÷è:
Utt = Uxx + x (x− l) t2 (1)

U |t=0 = Ut|t=0 = 0 (2)

U |x=0 = U |x=l = 0 (3)

Èùåì ðåøåíèå â âèäå

U (x, t) =

∞∑
n=1

bn sin
πnx

l
, (4)

bn =
2

l

lˆ

0

U (z, t) sin
πnz

l
dz, (5)

bn = bn (t) . (6)

Ðàçëîæèì òàêæå

x (x− l) t2 =

∞∑
n=1

βn sin
πnx

l
: (7)

βn =
2

l

lˆ

0

z (z − l) t2 sin πnz
l
dz = −2t2

l

l

πn

lˆ

0

z (z − l)
(
cos

πnz

l

)′
dz =

= − 2t2

πn
z (z − l) cos πnz

l

∣∣∣∣z=l
z=0

+
2t2

πn

lˆ

0

(
z2 − lz

)′ (
cos

πnz

l

)
dz =

2t2

πn

lˆ

0

(2z − l) cos πnz
l
dz =

=
2t2

πn

l

πn

lˆ

0

(2z − l)
(
sin

πnz

l

)′
dz =

2t2l

(πn)
2 (2z − l) sin πnz

l

∣∣∣∣∣
z=l

z=0

− 2t2l

(πn)
2

lˆ

0

(2z − l)′
(
sin

πnz

l

)
dz = (8)

= − 4t2l

(πn)
2

lˆ

0

sin
πnz

l
dz =

4t2l

(πn)
2

l

πn
cos

πnz

l

∣∣∣∣∣
z=l

z=0

=

=
4t2l2

(πn)
3 ((−1)n − 1) .

Ïîäñòàâèì â óðàâíåíèå (1)

∂2

∂t2

∞∑
n=1

bn sin
πnx

l
=

∂2

∂x2

∞∑
n=1

bn sin
πnx

l
+

∞∑
n=1

βn sin
πnx

l
(9)

∞∑
n=1

b′′n sin
πnx

l
= −

∞∑
n=1

(πn
l

)2
bn sin

πnx

l
+

∞∑
n=1

βn sin
πnx

l
(10)

∞∑
n=1

[
b′′n +

(πn
l

)2
bn − βn

]
sin

πnx

l
= 0 (11)
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b′′n +
(πn
l

)2
bn −

4t2l2

(πn)
3 ((−1)n − 1) = 0 (12)

bn = b0n + b1n (13)

Îäíîðîäíîå:

b
′′0
n +

(πn
l

)2
b0n = 0 (14)

λ2 +
(πn
l

)2
= 0 =⇒ λ = ±iπn

l
(15)

b0n = C1
n cos

πnt

l
+ C2

n sin
πnt

l
(16)

×àñòíîå ðåøåíèå íåîäíîðîäíîãî:
b1n = c2t

2 + c1t+ c0. (17)

Ïîäñòàâèì åãî â (12):

2c2 +
(πn
l

)2 (
c2t

2 + c1t+ c0
)
− 4t2l2

(πn)
3 ((−1)n − 1) = 0 (18)

(
πn
l

)2
c2 − 4l2

(πn)3
((−1)n − 1) = 0

c1 = 0

2c2 +
(
πn
l

)2
c0 = 0

(19)

c2 =
4l4

(πn)
5 ((−1)n − 1) (20)

c0 = −2c2
l2

π2n2
= − 8l6

(πn)
7 ((−1)n − 1) (21)

Ïîäñòàâèì â b1n:

b1n =
4l4t2

(πn)
5 ((−1)n − 1)− 8l6

(πn)
7 ((−1)n − 1) =

4l4 ((−1)n − 1)

(πn)
7

[
(πn)

2
t2 − 2l2

]
(22)

Íàéä¼ì bn:

bn = b0n + b1n = C1
n cos

πnt

l
+ C2

n sin
πnt

l
+

4l4 ((−1)n − 1)

(πn)
7

[
(πn)

2
t2 − 2l2

]
(23)

Èç (4)

U (x, t) =

∞∑
n=1

{
C1
n cos

πnt

l
+ C2

n sin
πnt

l
+

4l4 ((−1)n − 1)

(πn)
7

[
(πn)

2
t2 − 2l2

]}
sin

πnx

l
(24)

Òåïåðü ó÷ò¼ì íà÷àëüíûå óñëîâèÿ:

Ut|t=0 =

∞∑
n=1

{πn
l
C2
n

}
sin

πnx

l
= 0 (25)

πn

l
C2
n = 0 =⇒ C2

n = 0 (26)
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U |t=0 =

∞∑
n=1

{
C1
n −

8l6 ((−1)n − 1)

(πn)
7

}
sin

πnx

l
= 0 (27)

C1
n −

8l6 ((−1)n − 1)

(πn)
7 = 0 =⇒ C1

n =
8l6 ((−1)n − 1)

(πn)
7 (28)

Îêîí÷àòåëüíûé îòâåò:

U (x, t) =

∞∑
n=1

{
8l6 ((−1)n − 1)

(πn)
7 cos

πnt

l
+

4l4 ((−1)n − 1)

(πn)
7

[
(πn)

2
t2 − 2l2

]}
sin

πnx

l
=

=

∞∑
n=1

4l4

(πn)
7 ((−1)n − 1)

{
2l2 cos

πnt

l
+ (πn)

2
t2 − 2l2

}
sin

πnx

l
= (29)

=

∞∑
k=1

−8l4

π7 (2k − 1)
7

{
2l2 cos

π(2k − 1)t

l
+ π2(2k − 1)2t2 − 2l2

}
sin

π(2k − 1)x

l
.

2 Íåîäíîðîäíûå ãðàíè÷íûå óñëîâèÿ

U |x=0 = ϕ (t) U |x=l = ψ (t) (30)

U = V +
l − x
l

ϕ (t) +
x

l
ψ (t) (31)

V |x=0 = 0 V |x=l = 0 (32)
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