
1 Óñëîâèÿ çàäà÷è �52

U (x, y, t) , 0 6 x 6 l, 0 6 y 6 m, m = l

Utt = a2 (Uxx + Uyy) (1)

U |t=0 =
l

100
sin

πx

l
sin

πy

l
(2)

Ut|t=0 = 0 (3)

U |x=0 = U |x=l = 0 (4)

U |y=0 = U |y=l = 0 (5)

2 Ðàçëîæåíèå ôóíêöèè U â äâóìåðíûé ðÿä Ôóðüå

U (x, y, t) =

∞∑
k=1

ak sin
πkx

l
(6)

ak =
2

l

lˆ

0

U (z, y, t) sin
πkz

l
dz = ak (y, t) (7)

ak =

∞∑
n=1

bnk sin
πny

m
, (8)

bnk =
2

m

m̂

0

ak (s, t) sin
πns

m
ds = bnk (t) (9)

U (x, y, t) =

∞∑
k=1

∞∑
n=1

bnk sin
πny

m
sin

πkx

l
(10)

bnk =
4

lm

m̂

0

ds

lˆ

0

dzU (z, s, t) sin
πkz

l
sin

πns

m
(11)

Ïðè m = l óñëîâèÿ (4) è (5) ñðàçó âûïîëíÿþòñÿ.
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3 Ðåøåíèå

Ïîäñòàâèì (10) â óðàâíåíèå (1) è íàéä¼ì ôóíêöèè bnk (t):

∂2

∂t2

∞∑
k=1

∞∑
n=1

bnk sin
πny

l
sin

πkx

l
= a2

(
∂2

∂x2

∞∑
k=1

∞∑
n=1

bnk sin
πny

l
sin

πkx

l
+

∂2

∂y2

∞∑
k=1

∞∑
n=1

bnk sin
πny

l
sin

πkx

l

)
, (12)

∞∑
k=1

∞∑
n=1

b′′nk sin
πny

l
sin

πkx

l
= a2

(
−

∞∑
k=1

∞∑
n=1

bnk sin
πny

l

(
πk

l

)2

sin
πkx

l
−

∞∑
k=1

∞∑
n=1

bnk

(πn
l

)2
sin

πny

l
sin

πkx

l

)
, (13)

∞∑
k=1

∞∑
n=1

[
b′′nk + a2bnk

(π
l

)2 (
k2 + n2

)]
sin

πny

l
sin

πkx

l
= 0, (14)

b′′nk +
(πa
l

)2 (
k2 + n2

)
bnk = 0, (15)

bnk = C1
nk cos

(√
k2 + n2

πat

l

)
+ C2

nk sin

(√
k2 + n2

πat

l

)
. (16)

U =

∞∑
k=1

∞∑
n=1

[
C1

nk cos

(√
k2 + n2

πat

l

)
+ C2

nk sin

(√
k2 + n2

πat

l

)]
sin

πny

l
sin

πkx

l
(17)

Îïðåäåëÿåì êîíñòàíòû C1
nk è C2

nk èç íà÷àëüíûõ óñëîâèé. Èç (3)

Ut|t=0 =

∞∑
k=1

∞∑
n=1

[√
k2 + n2

πa

l
C2

nk

]
sin

πny

l
sin

πkx

l
= 0 (18)

íàéä¼ì √
k2 + n2

πa

l
C2

nk = 0 =⇒ C2
nk = 0; (19)

à èç (2)

U |t=0 =

∞∑
k=1

∞∑
n=1

C1
nk sin

πny

l
sin

πkx

l
=

l

100
sin

πx

l
sin

πy

l
(20)

íàéä¼ì

C1
11 =

l

100
; C1

nk = 0, n, k 6= 1. (21)

Ïîäñòàâëÿåì êîíñòàíòû:

U =
l

100
cos

√
2πat

l
sin

πy

l
sin

πx

l
. (22)
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