
1 Îáùàÿ òåîðèÿ

Ëèíåéíàÿ ñèñòåìà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè:
ẋ1 = a11x1 + . . .+ a1nxn + f1 (t)
ẋ2 = a21x1 + . . .+ a2nxn + f2 (t)
................................................................
ẋn = an1x1 + . . .+ annxn + fn (t)

(1)

X =

 x1 (t)
...

xn (t)

 , A =

 a11 · · · a1n
...

. . .
...

an1 · · · ann

 = const, F =

 f1 (t)
...

fn (t)

 (2)

Ẋ = AX + F (3)

F = 0: îäíîðîäíàÿ ñèñòåìà
Ẋ = AX (4)

Ẋ1 = AX1, Ẋ2 = AX2 =⇒ X = αX1 + βX2 (5)

Îáùåå ðåøåíèå îäíîðîäíîé ñèñòåìû:
X = C1X1 + . . .+ CnXn, (6)

ãäå X1, . . . , Xn - ÷àñòíûå ðåøåíèÿ.
Èùåì ðåøåíèÿ â âèäå

X = veλt, v =

 b1
...
bn

 = const (7)

Ẋ = λveλt = Aveλt, Aveλt − λveλt = 0, Av − λEv = 0, (8)

(A− λE) v = 0, det (A− λE) = 0. (9)

2 Êðàòíîñòü 1

λ1 6= λ2 6= . . . 6= λn. ×àñòíûå:
X1 = v1e

λ1t, . . . Xn = vne
λnt, (10)

Îáùåå:
X = C1v1e

λ1t + . . .+ Cnvne
λnt (11)

�787 {
ẋ = x− y
ẏ = y − 4x

(12)

X =

(
x
y

)
, A =

(
1 −1
−4 1

)
. (13)
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∣∣∣∣ 1− λ −1
−4 1− λ

∣∣∣∣ = 0 (14)

(λ− 1)
2 − 4 = 0, λ = 1± 2 (15)

λ1 = −1, λ2 = 3 (16)

1) λ1 = −1 (
2 −1
−4 2

)(
a
b

)
= 0,

{
2a− b = 0,
−4a+ 2b = 0,

b = 2a, v1 =

(
1
2

)
(17)

2) λ2 = 3 (
−2 −1
−4 −2

)(
a
b

)
= 0,

{
−2a− b = 0,
−4a− 2b = 0,

b = −2a, v2 =

(
1
−2

)
(18)

X = C1

(
1
2

)
e−t + C2

(
1
−2

)
e3t (19){

x = C1e
−t + C2e

3t,
y = 2C1e

−t − 2C2e
3t.

(20)

(786, 788)

3 Êîìïëåêñíûé êîðåíü

Âûáèðàåì îäíî èç λ1 = α+ iβ, λ2 = α− iβ

(A− λE) vc = 0, Xc = vce
λt (21)

X1 = ReXc, X2 = ImXc (22)

�790 {
ẋ = x− 3y
ẏ = 3x+ y

(23)

X =

(
x
y

)
, A =

(
1 −3
3 1

)
. (24)∣∣∣∣ 1− λ −3

3 1− λ

∣∣∣∣ = 0 (25)

(λ− 1)
2
+ 9 = 0, λ = 1± 3i (26)

λ1 = 1 + 3i, λ2 = 1− 3i (27)

Âîçüì¼ì λ2: (
3i −3
3 3i

)(
a
b

)
= 0,

{
3ia− 3b = 0,
3a+ 3ib = 0,

b = ia, vc =

(
1
i

)
(28)

Xc =

(
1
i

)
e(1−3i)t =

(
1
i

)
et (cos 3t− i sin 3t) =

(
cos 3t− i sin 3t
i cos 3t+ sin 3t

)
et =

(
cos 3t
sin 3t

)
et + i

(
− sin 3t
cos 3t

)
et (29)
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X = C1

(
cos 3t
sin 3t

)
et + C2

(
− sin 3t
cos 3t

)
et (30){

x = C1e
t cos 3t− C2e

t sin 3t,
y = C1e

t sin 3t+ C2e
t cos 3t.

(31)

(789)

4 Êðàòíûé êîðåíü c ðàâíûìè êðàòíîñòÿìè

λ - êîðåíü êðàòíîñòè k. Ìîæíî íàéòè ëèí. íåçàâèñèìûå ïðèíàäëåæàùèå åìó v1 . . . vm.m - ãåîìåòðè÷åñêàÿ êðàòíîñòü;
k- àëãåáðàè÷åñêàÿ. Ïóñòü m = k:

X1 = v1e
λt, . . . Xk = vke

λt, (32)

X = C1X1 + . . .+ CkXk + . . . (33)

�804  ẋ = 4x− y − z
ẏ = x+ 2y − z
ż = x− y + 2z

(34)

λ1 = 2, λ2 = λ3 = 3 (35)

X =

 x
y
z

 , A =

 4 −1 −1
1 2 −1
1 −1 2

 (36)

 2 −1 −1
1 0 −1
1 −1 0

 a
b
c

 = 0,

 2a− b− c = 0
a− c = 0
a− b = 0

,

{
c = a
b = a

, v1 =

 1
1
1

 (37)

 1 −1 −1
1 −1 −1
1 −1 −1

 a
b
c

 = 0, a− b− c = 0 × 3, a = b+ c, v2,3 =

 b+ c
b
c

 =

 1
1
0

 b+

 1
0
1

 c (38)

v2 =

 1
1
0

 , v3 =

 1
0
1

 . (39)

X = C1

 1
1
1

 e2t + C2

 1
1
0

 e3t + C3

 1
0
1

 e3t (40)

 x = C1e
2t + C2e

3t + C3e
3t

y = C1e
2t + C2e

3t

z = C1e
2t + C3e

3t
(41)

(805)
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5 Êðàòíûé êîðåíü c íåðàâíûìè êðàòíîñòÿìè

λ - êîðåíü k < m,

X =

 P 1
k−m (t)

...
Pnk−m (t)

 eλt (42)

�794 {
ẋ = 2y − 3x
ẏ = y − 2x

(43)

X =

(
x
y

)
, A =

(
−3 2
−2 1

)
. (44)∣∣∣∣ −3− λ 2

−2 1− λ

∣∣∣∣ = 0 (45)

(λ+ 3) (λ− 1) + 4 = λ2 + 2λ+ 1 = (λ+ 1)
2
= 0, λ1,2 = −1 (46)(

−2 2
−2 2

)(
a
b

)
= 0,

{
−2a+ 2b = 0,
−2a+ 2b = 0,

b = a, v =

(
a
a

)
=

(
1
1

)
a (47)

k = 2, m = 1, k −m = 1

X =

(
at+ b
ct+ d

)
e−t,

{
x = (at+ b) e−t

y = (ct+ d) e−t
,

{
ẋ = − (at+ b− a) e−t
ẏ = − (ct+ d− c) e−t (48)

{
− (at+ b− a) e−t = 2 (ct+ d) e−t − 3 (at+ b) e−t

− (ct+ d− c) e−t = (ct+ d) e−t − 2 (at+ b) e−t
(49){

−at− b+ a = 2ct+ 2d− 3at− 3b
−ct− d+ c = ct+ d− 2at− 2b

(50){
2at− 2ct = −a− 2b+ 2d
2at− 2ct = −2b− c+ 2d

(51)
−a− 2b+ 2d = 0
−2b− c+ 2d = 0

2a− 2c = 0
2a− 2c = 0

(52)

 a+ 2b− 2d = 0
2b+ c− 2d = 0

a = c
(53)

a = c = −2b+ 2d, X =

(
(−2b+ 2d) t+ b
(−2b+ 2d) t+ d

)
e−t = b

(
−2t+ 1
−2t

)
e−t + d

(
2t
2t+ 1

)
e−t (54)

b ≡ C1, d ≡ C2

X = C1

(
−2t+ 1
−2t

)
e−t + C2

(
2t
2t+ 1

)
e−t (55)
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{
x = −C1 (2t− 1) e−t + 2C2te

−t,
y = −2C1te

−t + C2 (2t+ 1) e−t.
(56)

(792)
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