
1 Âåêòîðû è áàçèñû â ëèíåéíîì ïðîñòðàíñòâå

Áàçèñ (ïðàâèëî Ýéíøòåéíà) ~x ∈ L, ~ek ∈ L
(~e1 . . . ~en) (1)

~x = x1~e1 + · · ·+ xn~en =

n∑
i=1

xi~ei = xi~ei (2)

X =


x1

x1

...
xn

 , ~x = (~e1 . . . ~en)


x1

x1

...
xn

 = (~e1 . . . ~en)X (3)

Íîâûé áàçèñ:
(~e′1 . . . ~e

′
n) = (~e1 . . . ~en)S (4)

S =


e11 e12 · · · e1n
e21 e22 · · · e2n
...

...
. . .

...
en1 en2 · · · enn

 (5)

SS−1 = S−1S = E, eik
(
e−1
)k
j
=
(
e−1
)i
k
ekj = δij (6)

Ñìåíà áàçèñà äëÿ âåêòîðà:
~x = (~e1 . . . ~en)X = (~e′1 . . . ~e

′
n)X

′ = (~e1 . . . ~en)SX
′ (7)

(~e1 . . . ~en) (X − SX ′) = 0 (8)

~ei
(
xi − eikx′k

)
= 0 =⇒ xi = eikx

′k (9)

X − SX ′ = 0 (10)

X = SX ′, X ′ = S−1X (11)

x′i =
(
e−1
)i
k
xk (12)

2 Êîâåêòîðû è äóàëüíûå áàçèñû â äóàëüíîì ïðîñòðàíñòâå

Ëèí. ôîðìà (êîâåêòîð)
ϕ : L→ Rϕ (~x) = κ (13)

ϕ (α~x+ β~y) = αϕ (~x) + βϕ (~y) (14)

ϕ (~x) = ϕ
(
x1~e1 + · · ·+ xn~en

)
= x1ϕ (~e1) + · · ·+ xnϕ (~en) (15)

ϕ (~ek) ≡ ϕk, ϕ (~x) = xkϕk (16)

Ñóììà ôîðì
(ϕ+ ψ) (~x) = ϕ (~x) + ψ (~x) = xk (ϕk + ψk) (17)

Óìíîæåíèå ôîðìû íà ÷èñëî
αϕ (~x) = αxkϕk = xk (αϕk) (18)

ϕ ∈ L∗ - äóàëüíîå ïðîñòðàíñòâî ê L, ϕ - êîâåêòîðû.
Áàçèñíûå ôîðìû:

ε1 = (1, 0, . . . , 0) , ε2 = (0, 1, . . . , 0) , . . . εn = (0, 0, . . . , 1) (19)

εi (~ek) = δik (20)

ϕiε
i (~x) = ϕiε

i
(
xk~ek

)
= xkϕiε

i (~ek) = xkϕiδ
i
k = xkϕk = ϕ (~x) (21)

ε1 . . . εn - áàçèñ â L∗, äóàëüíûé ê (~e1 . . . ~en).
Ñìåíà áàçèñà äëÿ êîâåêòîðà:

ϕ (~x) = x′kϕ′k = xiϕi = eikx
′kϕi (22)

x′k
(
ϕ′k − eikϕi

)
= 0, ∀~x (23)

x′k = δk1 =⇒ ϕ′1 − ei1ϕi = 0, (24)

x′k = δk2 =⇒ ϕ′2 − ei2ϕi = 0, (25)

è ò.ä.

ϕ′k = eikϕi, ϕi =
(
e−1
)k
i
ϕ′k (26)
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3 Òåíçîðû

Ïîíÿòèå òåíçîðà
T
(
~x1, . . . , ~xp, ω

1, . . . , ωq
)
= α ∈ R, ~xα ∈ L, ωβ ∈ L∗ (27)

T
(
~x1, . . . , a~xα + b~y, . . . , ~xp, ω

1, . . . , ωq
)
= aT

(
~x1, . . . , ~xα, . . . , ~xp, ω

1, . . . , ωq
)
+ bT

(
~x1, . . . , ~y, . . . , ~xp, ω

1, . . . , ωq
)

(28)

~xα = xiα~ei ∈ L, ωj = ωβj ε
j ∈ L∗, εj (~ei) = δji . (29)

T
(
~x1, . . . , ~xp, ω

1, . . . , ωq
)
= T

(
xi11 ~ei1 , . . . , x

ip
p ~eip , ω

1
j1ε

j1 , . . . , ωqjqε
jq
)
= (30)

= xi11 . . . x
ip
p ω

1
j1 . . . ω

q
jq
T
(
~ei1 , . . . , ~eip , ε

j1 , . . . , εjq
)
= xi11 . . . x

ip
p ω

1
j1 . . . ω

q
jq
T
j1...jq
i1...ip

,

ãäå
T
j1...jq
i1...ip

≡ T
(
~ei1 , . . . , ~eip , ε

j1 , . . . , εjq
)
. (31)

Ïðåîáðàçîâàíèå êîìïîíåíò òåíçîðîâ ïðè ñìåíå áàçèñà

xi = eii′x
i′ , ωj =

(
e−1
)j′
j
ωj′ (32)

T = x
i′1
1 . . . x

i′p
p ω

1
j′1
. . . ωqj′qT

j′1...j
′
q

i′1...i
′
p
= xi11 . . . x

ip
p ω

1
j1 . . . ω

q
jq
T
j1...jq
i1...ip

= (33)

=
[
ei1i′1
x
i′1
1

]
. . .
[
e
ip
i′p
x
i′p
p

]
·
{(
e−1
)j′1
j1
ω1
j′1

}
. . .
{(
e−1
)j′q
jq
ωqj′q

}
· T j1...jqi1...ip

x
i′1
1 . . . x

i′p
p ω

1
j′1
. . . ωqj′qT

j′1...j
′
q

i′1...i
′
p
−
[
ei1i′1
x
i′1
1

]
. . .
[
e
ip
i′p
x
i′p
p

]
·
{(
e−1
)j′1
j1
ω1
j′1

}
. . .
{(
e−1
)j′q
jq
ωqj′q

}
· T j1...jqi1...ip

= 0 (34)

x
i′1
1 . . . x

i′p
p ω

1
j′1
. . . ωqj′q

(
T
j′1...j

′
q

i′1...i
′
p
− ei1i′1 . . . e

ip
i′p
·
(
e−1
)j′1
j1
. . .
(
e−1
)j′q
jq
· T j1...jqi1...ip

)
= 0 (35)

∀ xi11 . . . x
ip
p ω1

j1
. . . ωqjq :

T
j′1...j

′
q

i′1...i
′
p
= ei1i′1

. . . e
ip
i′p
·
(
e−1
)j′1
j1
. . .
(
e−1
)j′q
jq
· T j1...jqi1...ip

(36)
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