
1 ×òî óæå áûëî

T
(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
= α ∈ R, x⃗α ∈ L, ωβ ∈ L∗ (1)

T
(
x⃗1, . . . , ax⃗α + by⃗, . . . , x⃗p, ω

1, . . . , ωq
)
= aT

(
x⃗1, . . . , x⃗α, . . . , x⃗p, ω

1, . . . , ωq
)
+ bT

(
x⃗1, . . . , y⃗, . . . , x⃗p, ω

1, . . . , ωq
)

(2)

x⃗α = xi
αe⃗i ∈ L, ωj = ωβ

j ϵ
j ∈ L∗, ϵj (e⃗i) = δji . (3)

T
(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
= T

(
xi1
1 e⃗i1 , . . . , x

ip
p e⃗ip , ω

1
j1ϵ

j1 , . . . , ωq
jq
ϵjq
)
=

= xi1
1 . . . xip

p ω1
j1 . . . ω

q
jq
T
(
e⃗i1 , . . . , e⃗ip , ϵ

j1 , . . . , ϵjq
)
= xi1

1 . . . xip
p ω1

j1 . . . ω
q
jq
T

j1...jq
i1...ip

(4)

T
j1...jq
i1...ip

≡ T
(
e⃗i1 , . . . , e⃗ip , ϵ

j1 , . . . , ϵjq
)

(5)

Ïðåîáðàçîâàíèå êîìïîíåíò ïðè ñìåíå áàçèñà

xi′ =
(
S−1

)i′
i
xi, , ωj′ = Sj

j′ωj (6)

T = xi1
1 . . . xip

p ω1
j1 . . . ω

q
jq
T

j1...jq
i1...ip

= x
i′1
1 . . . x

i′p
p ω1

j′1
. . . ωq

j′q
T

j′1...j
′
q

i′1...i
′
p
=
(
S−1

)i′1
i1
xi1 . . .

(
S−1

)i′p
ip
xip
p Sj1

j′1
ω1
j1 . . . S

jq
j′q
ωq
jq
T

j′1...j
′
q

i′1...i
′
p

(7)

xi1
1 . . . xip

p ω1
j1 . . . ω

q
jq
T

j1...jq
i1...ip

−
(
S−1

)i′1
i1
xi1 . . .

(
S−1

)i′p
ip
xip
p Sj1

j′1
ω1
j1 . . . S

jq
j′q
ωq
jq
T

j′1...j
′
q

i′1...i
′
p
= 0 (8)

xi1
1 . . . xip

p ω1
j1 . . . ω

q
jq

(
T

j1...jq
i1...ip

−
(
S−1

)i′1
i1
. . .
(
S−1

)i′p
ip
Sj1
j′1
. . . S

jq
j′q
T

j′1...j
′
q

i′1...i
′
p

)
= 0 (9)

∀ xi1
1 . . . x

ip
p ω1

j1
. . . ωq

jq
:

T
j1...jq
i1...ip

=
(
S−1

)i′1
i1
. . .
(
S−1

)i′p
ip
Sj1
j′1
. . . S

jq
j′q
T

j′1...j
′
q

i′1...i
′
p

(10)

è îáðàòíî:

T
j′1...j

′
q

i′1...i
′
p
= Si1

i′1
. . . S

ip
i′p

(
S−1

)j′1
j1
. . .
(
S−1

)j′q
jq
T

j1...jq
i1...ip

(11)

2 Äåéñòâèÿ ñ òåíçîðàìè

2.1 Óìíîæåíèå íà ÷èñëî

S
(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
= aT

(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)

(12)

S
j1...jq
i1...ip

= aT
j1...jq
i1...ip

(13)

2.2 Óìíîæåíèå

T1

(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
= α, T2

(
y⃗1, . . . , y⃗s, ν

1, . . . , νt
)
= β (14)

T1

(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
T2

(
y⃗1, . . . , y⃗s, ν

1, . . . , νt
)
= αβ (15)

T1

(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
T2

(
y⃗1, . . . , ay⃗k + bz⃗, . . . , y⃗s, ν

1, . . . , νt
)
= (16)

= aT1

(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
T2

(
y⃗1, . . . , y⃗k, . . . , y⃗s, ν

1, . . . , νt
)
+ bT1

(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
T2

(
y⃗1, . . . , z⃗, . . . , y⃗s, ν

1, . . . , νt
)

T1

(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
T2

(
y⃗1, . . . , y⃗s, ν

1, . . . , νt
)
≡ S

(
x⃗1, . . . , x⃗p, y⃗1, . . . , y⃗s, ω

1, . . . , ωq, ν1, . . . , νt
)

(17)

S
j1...jq+t

i1...ip+s
≡ S

(
e⃗i1 , . . . , e⃗ip , e⃗ip+1

, . . . , e⃗ip+s
, ϵj1 , . . . , ϵjq , ϵjq+1

, . . . , ϵjq+t

)
= (T1)

j1...jq
i1...ip

(T2)
j1...jt
i1...is

(18)

2.3 Ñëîæåíèå

T1 + T2 = α+ β, (19)

T1 (x⃗1, . . . , ω
q) + T2 (. . . , ay⃗k + bz⃗, . . .) = T1 + aT2 (. . . , y⃗k, . . .) + bT2 (. . . , z⃗, . . .) ̸= a (T1 + T2) + b (T1 + T2) (20)

(T1 + T2) (x⃗1, . . . , ω
q) = T1 (x⃗1, . . . , ω

q) + T2 (x⃗1, . . . , ω
q) = S (x⃗1, . . . , ω

q) (21)

S
j1...jq
i1...ip

= (T1)
j1...jq
i1...ip

+ (T2)
j1...jt
i1...is

(22)

2.4 Ïåðåñòàíîâêà èíäåêñîâ

T
j1...k...m...jq
i1...ip

−→ S
j1...k...m...jq
i1...ip

= T
j1...m...k...jq
i1...ip

(23)

(àíàëîãè÷íî ñíèçó)
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2.4.1 Ñèììåòðèçàöèÿ

T
j1...(jk...jq)
i1...ip

=
1

(q − k + 1)!
σ
jk...jq
j′k...j

′
q
T

j1...j
′
k...j

′
q

i1...ip
(24)

σ
jk...jq
j′k...j

′
q
=

{
1, {jk, . . . , jq} =

{
j′k, . . . , j

′
q

}
0

(25)

A(ik) =
1

2

(
Aik +Aki

)
(26)

B(ijk) =
1

6

(
Bijk +Bikj +Bkij +Bkji +Bjki +Bjik

)
(27)

2.4.2 Àíòèñèììåòðèçàöèÿ

T
j1...[jk...jq ]
i1...ip

=
1

(q − k + 1)!
δ
jk...jq
j′k...j

′
q
T

j1...j
′
k...j

′
q

i1...ip
(28)

A[ik] =
1

2

(
Aik −Aki

)
(29)

B[ijk] =
1

6

(
Bijk −Bikj +Bkij −Bkji +Bjki −Bjik

)
(30)

2.5 Ñâ¼ðòêà èíäåêñîâ

T
(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
−→ T

j1...jk−1jkjk+1...jq
i1...im−1imim+1...ip

−→

(
n∑

r=1

)
T

j1...jk−1rjk+1...jq
i1...im−1rim+1...ip

= S
j1...jk−1jk+1...jq
i1...im−1im+1...ip

−→ S
(
x⃗1, . . . , x⃗p−1, ω

1, . . . , ωq−1
)

(31)

3 Íåêîòîðûå òåíçîðû

3.1 Òåíçîð Êðîíåêåðà (n = 4)

δij =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (32)

T
j1...jk...jq
i1...ip

δmjk = T
j1...1...jq
i1...ip

δm1 + . . .+ T
j1...m...jq
i1...ip

δmm + . . .+ T
j1...n...jq
i1...ip

δmn = (33)

= 0 + . . .+ T
j1...m...jq
i1...ip

· 1 + . . .+ 0 = T
j1...m...jq
i1...ip

δi
′

j′ = Sj
j′

(
S−1

)i′
i
δij = Sj

j′

(
S−1

)i′
j
= Sj

j′

(
S−1

)i′
j
=
(
S−1

)i′
j
Sj
j′ =

(
S−1 · S

)i′
j′
=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (34)

3.2 Ìåòðè÷åñêèé òåíçîð

gik = gki, det ∥gik∥ ≠ 0 (35)

Ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ:
(X · Y ) = G (X,Y ) = gikx

iyk (36)

gikg
kj = δji (37)

(φ · ω) = G̃ (φ, ω) = gkjφkωj

Òåíçîð Ìèíêîâñêîãî:

ηik =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 , ηik =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 (38)

ηikηkj = δij (39)

Ïîäíÿòèå è îïóñêàíèå èíäåêñîâ

T
j1...jk−1jkjk+1...jq
i1...ip

gjkm = T
j1...jk−1jk+1...jq
i1...ip

(40)

A··m
ij· = Aijkg

km, A·m·
i·k = Aijkg

jm, Rtjkl = Ri
·jklgit (41)

2



4 ò-ð Ëåâè-×èâèòà (n = 3)

eijk = e[ijk] (42)

àáñîëþòíî àíòèñèììåòðè÷íûé îáúåêò

eijk = −eikj = ekij = −ekji = ejki = −ejik (43)

e123 = 1 (44)

eijj =
1

2

(
eijj + eijj

)
=

1

2

(
eijj − eijj

)
= 0 (45)

e123 = 1 (46)

eijkepqr = δipδ
j
qδ

k
r − δipδ

j
rδ

k
q + δirδ

j
pδ

k
q − δirδ

j
qδ

k
p + δiqδ

j
rδ

k
p − δiqδ

j
pδ

k
r (47)

eijk = eijke123 = δi1δ
j
2δ

k
3 − δi1δ

j
3δ

k
2 + δi3δ

j
1δ

k
2 − δi3δ

j
2δ

k
1 + δi2δ

j
3δ

k
1 − δi2δ

j
1δ

k
3 (48)

Bpqr = eijkAipAjqAkr =
(
δi1δ

j
2δ

k
3 − δi1δ

j
3δ

k
2 + δi3δ

j
1δ

k
2 − δi3δ

j
2δ

k
1 + δi2δ

j
3δ

k
1 − δi2δ

j
1δ

k
3

)
AipAjqAkr =

= A1pA2qA3r −A1pA3qA2r +A3pA1qA2r −A3pA2qA1r +A2pA3qA1r −A2pA1qA3r = (49)

= (A1pA2qA3r −A2pA1qA3r) + (A2pA3qA1r −A1pA3qA2r) + (A3pA1qA2r −A3pA2qA1r) =

= (A1pA2qA3r −A1pA3qA2r) + (A3pA1qA2r −A2pA1qA3r) + (A2pA3qA1r −A3pA2qA1r)

Bpqr = B[pq]r = Bp[qr] (50)

Bpqr = −Bprq = Brpq = −Brqp (51)

Bpqr = B[pqr] (52)

Bpqr = B123epqr (53)

B123 = A11A22A33 −A11A32A23 +A31A12A23 −A31A22A13 +A21A32A13 −A21A12A33 =

= A11 (A22A33 −A32A23)−A12 (A21A33 −A31A23) +A13 (A21A32 −A31A22) =

= A11

∣∣∣∣ A22 A23

A32 A33

∣∣∣∣−A12

∣∣∣∣ A21 A23

A31 A33

∣∣∣∣+A13

∣∣∣∣ A21 A22

A31 A32

∣∣∣∣ =
=

∣∣∣∣∣∣
A11 A12 A13

A21 A22 A23

A31 A32 A33

∣∣∣∣∣∣ (54)

eijkAipAjqAkr = det (A) epqr. (55)

Àíàëîãè÷íî,
eijkA

ipAjqAkr = det (A) epqr. (56)

Åâêëèäîâî ïðîñòðàíñòâî gik = δik:

δi′k′ = Si
i′S

k
k′δik = Si

i′δikS
k
k′ = Si

i′ (E · S)ik′ =
(
ST · E · S

)
i′k′ (57)

äëÿ îðò.
E = STES = STS (58)

det (E) = 1 = det
(
STS

)
= det

(
ST
)
det (S) = det (S)

2
(59)

det (S) = ±1 (60)

Äëÿ âðàùåíèé
det (S) = 1, (61)

íî äëÿ îòðàæåíèé
det (S) = −1. (62)

Aáñîëþòíî àíòèñèììåòðè÷íûé îáúåêò ïðè âðàùåíèÿõ

e′i′j′k′ = eijkS
i
i′S

j
j′S

k
k′ = det (S) ei′j′k′ = ei′j′k′ (63)

è îòðàæåíèÿõ
e′i′j′k′ = det (S) ei′j′k′ = −ei′j′k′ (64)

ïñåâäîòåíçîð
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5 Çàäà÷è

5.1 220

aii = a11 + a22 + a33 = 2− 5 + 4 = 1 (65)

ai
′

j′ =
(
S−1

)i′
i
Sj
j′a

i
j (66)

ai
′

i′ =
(
S−1

)i′
i
Sj
i′a

i
j = Sj

i′

(
S−1

)i′
i
aij =

(
S · S−1

)j
i
aij = δji a

i
j = aii (67)

5.2 221 a)

aijx
j = ai1x

1 + ai2x
2 + ai3x

3 (68)

a1jx
j = a11x

1 + a12x
2 + a13x

3 = 2 · 2 + 0 · 1 + 3 · 4 = 16 (69)

a2jx
j = a21x

1 + a22x
2 + a23x

3 = 3 · 2 + 1 · 1 + 2 · 4 = 15 (70)

a3jx
j = a31x

1 + a32x
2 + a33x

3 = 4 · 2 + 5 · 1 + 7 · 4 = 41 (71)

aijx
j = (16, 15, 41) (72)

Øïóð:
Sp
(
aij
)
≡ gija

ij = aii = a11 +... a
n
n (73)

5.3 224

aijk = ajik = −aikj (74)

aijk = −aikj = −akij (75)

aijk = −akij = ajki = −aijk (76)

aijk =
1

2
(aijk + aijk) =

1

2
(aijk − aijk) = 0 (77)

5.4 226

aijx
j = αxi = αgijx

j (78)

aijx
j − αgijx

j = 0 (79)

(aij − αgij)x
j = 0 (80)

∀xj :
aij − αgij = 0 (81)

aij = αgij (82)
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