
Ââîäÿ îáîáù¼ííûå ïîëÿðíûå êîîðäèíàòû, íàéòè ïëîùàäü, îãðàíè÷åííóþ êðèâûìè:

x3

a3
+
y3

b3
=
x2

h2
+
y2

k2
, x = 0, y = 0. (1)

÷åðò¼æ ïðè a = b = h = k = 1:

x ⩾ 0, y ⩾ 0
êîîðäèíàòû: {

x = ar cos2/3 (φ) ,

y = br sin2/3 (φ) .
(2)

ßêîáèàí:

J =

∣∣∣∣ x′r x′φ
y′r y′φ

∣∣∣∣ = ∣∣∣∣ a cos2/3 (φ) − 2
3ar cos

−1/3 (φ) sin (φ)

b sin2/3 (φ) 2
3br sin

−1/3 (φ) cos (φ)

∣∣∣∣ = 2

3
abr

∣∣∣∣ cos2/3 (φ) − cos−1/3 (φ) sin (φ)

sin2/3 (φ) sin−1/3 (φ) cos (φ)

∣∣∣∣ =
1



=
2

3
abr

{
cos2/3 (φ) sin−1/3 (φ) cos (φ) + sin2/3 (φ) cos−1/3 (φ) sin (φ)

}
=

2

3
abr

{
cos5/3 (φ) sin−1/3 (φ) + sin5/3 (φ) cos−1/3 (φ)

}
=

(3)

=
2

3
abr sin−1/3 (φ) cos−1/3 (φ)

{
cos6/3 (φ) + sin6/3 (φ)

}
=

2

3
abr sin−1/3 (φ) cos−1/3 (φ) .

Óðàâíåíèå êðèâîé (R - çíà÷åíèå r íà ãðàíèöå ôèãóðû):

(
aR cos2/3 (φ)

)3
a3

+

(
bR sin2/3 (φ)

)3
b3

=

(
aR cos2/3 (φ)

)2
h2

+

(
bR sin2/3 (φ)

)2
k2

, (4)

R3 cos2 (φ) +R3 sin2 (φ) =
a2R2 cos4/3 (φ)

h2
+
b2R2 sin4/3 (φ)

k2
, (5)

R3 = R2

(
a2

h2
cos4/3 (φ) +

b2

k2
sin4/3 (φ)

)
, (6)

R =
a2

h2
cos4/3 (φ) +

b2

k2
sin4/3 (φ) . (7)

Èíòåãðàë ïëîùàäè:

S =

¨

Ω

1 · dxdy =

π/2ˆ

0

dφ

R̂

0

|J | dr, (8)

ïî r:
R̂

0

|J | dr =
R̂

0

2

3
abr sin−1/3 (φ) cos−1/3 (φ) dr =

2

3
ab sin−1/3 (φ) cos−1/3 (φ)

R̂

0

rdr =

=
2

3
ab sin−1/3 (φ) cos−1/3 (φ)

r2

2

∣∣∣∣R
0

=
1

3
abR2 sin−1/3 (φ) cos−1/3 (φ) =

=
1

3
ab

(
a2

h2
cos4/3 (φ) +

b2

k2
sin4/3 (φ)

)2

sin−1/3 (φ) cos−1/3 (φ) = (9)

=
1

3
ab

(
a4

h4
cos8/3 (φ) + 2

a2

h2
b2

k2
cos4/3 (φ) sin4/3 (φ) +

b4

k4
sin8/3 (φ)

)
sin−1/3 (φ) cos−1/3 (φ) =

=
1

3
ab

(
a4

h4
cos7/3 (φ) sin−1/3 (φ) + 2

a2

h2
b2

k2
cos (φ) sin (φ) +

b4

k4
sin7/3 (φ) cos−1/3 (φ)

)
.

Òåïåðü ïî φ:

S =

π/2ˆ

0

dφ

R̂

0

|J | dr =

=
ab

3

π/2ˆ

0

(
a4

h4
cos7/3 (φ) sin−1/3 (φ) + 2

a2

h2
b2

k2
cos (φ) sin (φ) +

b4

k4
sin7/3 (φ) cos−1/3 (φ)

)
dφ = (10)

2



=
ab

3

a4

h4

π/2ˆ

0

cos7/3 (φ) sin−1/3 (φ) dφ+ 2
a2

h2
b2

k2

π/2ˆ

0

cos (φ) sin (φ) dφ+
b4

k4

π/2ˆ

0

sin7/3 (φ) cos−1/3 (φ) dφ

 .

Ïåðâîå ñëàãàåìîå (10):

π/2ˆ

0

cos7/3 φ sin−1/3 φdφ =

π/2ˆ

0

cos4/3 φ sin−4/3 φ cosφ sinφdφ =

π/2ˆ

0

(
cos2 φ

)2/3 (
sin2 φ

)−2/3
cosφ sinφdφ =

sin2 φ = t

=
1

2

π/2ˆ

0

(
1− sin2 φ

)2/3 (
sin2 φ

)−2/3 (
sin2 φ

)′
dφ =

1

2

1ˆ

0

(1− t)
2/3

t−2/3dt (11)

Ïîäñòàíîâêà ×åáûøîâà: p = − 2
3 , q = 1, r = 2

3

p+ 1

q
=

− 2
3 + 1

1
= −2

3
+ 1 =

1

3
̸∈ Z (12)

p+ 1

q
+ r = −2

3
+ 1 +

2

3
= 1 ∈ Z (13)

Òðåòèé ñëó÷àé: 1
t − 1 = z3, t = 1

z3+1

1ˆ

0

(1− t)
2/3

t−2/3dt =

1ˆ

0

(
1

t
− 1

)2/3

dt =

0ˆ

∞

(
z3
)2/3

d
1

z3 + 1
= −

∞̂

0

z2d
1

z3 + 1
=

= − z2

z3 + 1

∣∣∣∣∞
0

+

∞̂

0

1

z3 + 1
dz2 = 2

∞̂

0

z

z3 + 1
dz. (14)

Èç (11) è (14):
π/2ˆ

0

cos7/3 φ sin−1/3 φdφ =
1

2

1ˆ

0

(1− t)
2/3

t−2/3dt =

∞̂

0

z

z3 + 1
dz. (15)

z

z3 + 1
=

z

(z + 1) (z2 − z + 1)
=

A

z + 1
+

Bz + C

z2 − z + 1
=
A
(
z2 − z + 1

)
+ (Bz + C) (z + 1)

(z + 1) (z2 − z + 1)
(16)

z = A
(
z2 − z + 1

)
+ (Bz + C) (z + 1) = Az2 −Az +A+Bz2 +Bz + Cz + C (17) A+B = 0

−A+B + C = 1
A+ C = 0

(18)

B = C = −A, −A−A−A = 1 (19)

A = −1

3
, B = C =

1

3
(20)
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z

z3 + 1
= −1

3

1

z + 1
+

1

3

z + 1

z2 − z + 1
(21)

ˆ
z

z3 + 1
dz =

ˆ {
−1

3

1

z + 1
+

1

3

z + 1

z2 − z + 1

}
dz = −1

3
ln |z + 1|+ 1

3

ˆ
z + 1

z2 − z + 1
dz, (22)

z2 − z + 1 =

(
z2 − 2z

1

2
+

1

4

)
− 1

4
+ 1 =

(
z − 1

2

)2

+
3

4
=

3

4

[(
2z − 1√

3

)2

+ 1

]
. (23)

2z−1√
3

= t, z =
√
3t+1
2 , dz =

√
3
2 dt

ˆ
z + 1

z2 − z + 1
dz =

ˆ
z + 1

3
4

[(
2z−1√

3

)2
+ 1

]dz = 4

3

ˆ √
3t+1
2 + 1

t2 + 1

√
3

2
dt =

1√
3

ˆ √
3t+ 3

t2 + 1
dt =

=
1√
3

(√
3

ˆ
t

t2 + 1
dt+ 3

ˆ
dt

t2 + 1

)
=

1√
3

(√
3

2
ln
(
t2 + 1

)
+ 3arctg t

)
+ C =

1

2
ln
(
t2 + 1

)
+

√
3arctg t+ C = (24)

=
1

2
ln

[(
2z − 1√

3

)2

+ 1

]
+

√
3arctg

2z − 1√
3

+ C,

ˆ
z

z3 + 1
dz = −1

3
ln |z + 1|+ 1

3

ˆ
z + 1

z2 − z + 1
dz = −1

3
ln |z + 1|+ 1

3

{
1

2
ln

[(
2z − 1√

3

)2

+ 1

]
+

√
3arctg

2z − 1√
3

+ C

}
=

=
1

6

{
ln

[(
2z − 1√

3

)2

+ 1

]
− ln |z + 1|2

}
+

1√
3
arctg

2z − 1√
3

+
C

3
= (25)

=
1

6
ln


(

2z−1√
3

)2
+ 1

|z + 1|2

+
1√
3
arctg

2z − 1√
3

+
C

3
,

∞̂

0

z

z3 + 1
dz =

1

6
ln


(

2z−1√
3

)2
+ 1

|z + 1|2

+
1√
3
arctg

2z − 1√
3

∣∣∣∣∣∣∣
∞

0

=
1

6

(
ln

4

3
− ln

4

3

)
+

1√
3

[
π

2
− arctg

(
− 1√

3

)]
=

=
1√
3

[π
2
+
π

6

]
=

1√
3

4π

6
=

2π

3
√
3
. (26)

Èç (15)
π/2ˆ

0

cos7/3 φ sin−1/3 φdφ =

∞̂

0

z

z3 + 1
dz =

2π

3
√
3

(27)

Òðåòüå ñëàãàåìîå (10) (φ = π
2 − ψ):

π/2ˆ

0

sin7/3 φ cos−1/3 φdφ = −
0ˆ

π/2

sin7/3
(π
2
− ψ

)
cos−1/3

(π
2
− ψ

)
dψ =

π/2ˆ

0

cos7/3 ψ sin−1/3 ψdψ =
2π

3
√
3

(28)
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Âòîðîå ñëàãàåìîå (10)

π/2ˆ

0

cos (φ) sin (φ) dφ =
1

2

π/2ˆ

0

sin (2φ) dφ = −1

4
cos (2φ)

∣∣∣∣π/2
0

= −1

4
(−1− 1) =

1

2
. (29)

Òîãäà, îêîí÷àòåëüíî, ñàìà ïëîùàäü ðàâíà

S =
ab

3

(
a4

h4
2π

3
√
3
+ 2

a2

h2
b2

k2
1

2
+
b4

k4
2π

3
√
3

)
=
ab

3

[
2π

3
√
3

(
a4

h4
+
b4

k4

)
+
a2

h2
b2

k2

]
. (30)
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