
1 Ëåììà Æîðäàíà

lim
Rn→∞

ˆ

Cn

g (z) eiλzdz = 0, λ > 0 (1)

1.1 AB

z = Rne
iφ, dz = Rnie

iφdφ, |dz| = Rndφ, ∣∣eiλz∣∣ = ∣∣∣eiλ(x+iy)
∣∣∣ = ∣∣eiλxe−λy

∣∣ = e−λy (2)

0 ⩽

∣∣∣∣∣∣
ˆ

AB

g (z) eiλzdz

∣∣∣∣∣∣ ⩽
ˆ

AB

|g (z)|
∣∣eiλz∣∣ |dz| = 0ˆ

φ0

|g (z)| e−λyRndφ ⩽ (3)
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ãäå φ0 = − arcsin a
Rn

. Äàëåå: −a ⩽ y ⩽ 0, aλ ⩾ −λy ⩾ 0, eaλ ⩾ e−λy ⩾ 1

⩽ Rn

0ˆ

φ0

|g (z)| eaλdφ = Rne
aλ

0ˆ

φ0

|g (z)| dφ ⩽ Rne
aλ (0− φ0) max

φ0⩽φ⩽0
|g (z)| =

= eaλRn arcsin
a

Rn
max

φ0⩽φ⩽0
|g (z)| = eaλa

arcsin a
Rn

a
Rn

max
φ0⩽φ⩽0

|g (z)| . (4)

1-é çàì. ïðåäåë:

lim
Rn→∞

arcsin a
Rn

a
Rn

= 1 (5)

Åñëè
lim

Rn→∞
max

−π
2 ⩽φ⩽ 3π

2

|g (z)| = 0 =⇒ lim
Rn→∞

max
φ0⩽φ⩽0

|g (z)| = 0, (6)

lim
Rn→∞

eaλa
arcsin a

Rn

a
Rn

max
φ0⩽φ⩽0

|g (z)| = eaλa · 1 · 0 = 0; (7)

ïî ò. î äâóõ ìèëèöèîíåðàõ

lim
Rn→∞

∣∣∣∣∣∣
ˆ

AB

g (z) eiλzdz

∣∣∣∣∣∣ = 0 =⇒ lim
Rn→∞

ˆ

AB

g (z) eiλzdz = 0. (8)

1.2 BC

0 ⩽

∣∣∣∣∣∣
ˆ

BC

g (z) eiλzdz

∣∣∣∣∣∣ ⩽
ˆ

BC

|g (z)|
∣∣eiλz∣∣ |dz| = π/2ˆ

0

|g (z)|
∣∣eiλz∣∣Rndφ; (9)

z = Rne
iφ = Rn (cosφ+ i sinφ), ïðè 0 ⩽ φ ⩽ π

2

2φ

π
⩽ sinφ ⩽ φ =⇒ − sinφ ⩽ −2φ

π
, (10)

∣∣eiλz∣∣ = ∣∣∣eiλRn(cosφ+i sinφ)
∣∣∣ = ∣∣eiλRn cosφe−λRn sinφ

∣∣ = e−λRn sinφ ⩽ e−λRn
2φ
π = e−

2λRn
π φ, (11)

0 ⩽

∣∣∣∣∣∣
ˆ

BC

g (z) eiλzdz

∣∣∣∣∣∣ ⩽
π/2ˆ

0

|g (z)|
∣∣eiλz∣∣Rndφ ⩽ Rn

π/2ˆ

0

|g (z)| e−
2λRn

π φdφ ⩽ Rn

π/2ˆ

0

max
0⩽φ⩽π

2

|g (z)| e−
2λRn

π φdφ =

= Rn max
0⩽φ⩽π

2

|g (z)|
π/2ˆ

0

e−
2λRn

π φdφ = Rn max
0⩽φ⩽π

2

|g (z)| e
− 2λRn

π φ

− 2λRn

π

∣∣∣∣∣
π/2

0

= − π

2λRn
Rn max

0⩽φ⩽π
2

|g (z)|
(
e−

2λRn
π

π
2 − 1

)
=

λRn > 0,

=
π

2λ
max

0⩽φ⩽π
2

|g (z)|
(
1− e−λRn

)
. (12)
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Åñëè
lim

Rn→∞
max

−π
2 ⩽φ⩽ 3π

2

|g (z)| = 0 =⇒ lim
Rn→∞

max
0⩽φ⩽π

2

|g (z)| = 0, (13)

lim
Rn→∞

π

2λ
max

0⩽φ⩽π
2

|g (z)|
(
1− e−λRn

)
= 0 =⇒ lim

Rn→∞

∣∣∣∣∣∣
ˆ

BC

g (z) eiλzdz

∣∣∣∣∣∣ = 0 (14)

=⇒ lim
Rn→∞

ˆ

BC

g (z) eiλzdz = 0 (15)

CD àíàëîãè÷íî BC, DE àíàëîãè÷íî AB,

lim
Rn→∞

ˆ

Cn

g (z) eiλzdz = 0. (16)

2 9.32
∞̂

0

x sinx

x2 + b2
dx (17)

f (x) =
x sinx

x2 + b2
, (18)

f (−x) = −f (x)
∞̂

0

x sinx

x2 + b2
dx =

1

2

∞̂

−∞

x sinx

x2 + b2
dx (19)

Âûáåðåì

g (z) =
z

z2 + b2
(20)∣∣z2 + b2

∣∣ = ∣∣z2 − (
−b2

)∣∣ ⩾ ∣∣z2∣∣− ∣∣−b2
∣∣ = R2 − |b|2 (21)

R > |b|
1

|z2 + b2|
⩽

1

R2 − |b|2
(22)

0 ⩽

∣∣∣∣ z

z2 + b2

∣∣∣∣ ⩽ R

R2 − |b|2
(23)

lim
R→∞

R

R2 − |b|2
= 0, =⇒ lim

R→∞
max

0⩽φ⩽π

∣∣∣∣ z

z2 + b2

∣∣∣∣ = 0 =⇒ lim
R→∞

ˆ

|z|=R

zeiλz

z2 + b2
dz = 0 (24)

0 ⩽ φ ⩽ π, λ = 1

lim
R→∞

ˆ

Dn

zeiz

z2 + b2
dz = lim

R→∞

ˆ

|z|=R

zeiz

z2 + b2
dz +

∞̂

−∞

xeix

x2 + b2
dx =

∞̂

−∞

xeix

x2 + b2
dx = 2πi

N∑
k=1

reszk
zeiz

z2 + b2
, (25)
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Imzk > 0
z1 = i |b| , z2 = −i |b| , Imz2 = − |b| < 0 (26)

áåð¼ì z1.
zeiz

z2 + b2
(z − z1)

1

∣∣∣∣
z=z1

=
zeiz

(z + i |b|) (z − i |b|)
(z − i |b|)

∣∣∣∣
z=i|b|

=
i |b| eii|b|

i |b|+ i |b|
=

e−|b|

2
̸= 0, (27)

Â ñèëó ïåðâîãî ïîðÿäêà,

resz1
zeiz

z2 + b2
=

zeiz

z2 + b2
(z − z1)

1

∣∣∣∣
z=z1

=
e−|b|

2
(28)

∞̂

−∞

xeix

x2 + b2
dx =

∞̂

−∞

x (cosx+ i sinx)

x2 + b2
dx =

∞̂

−∞

x cosx

x2 + b2
dx+ i

∞̂

−∞

x sinx

x2 + b2
dx = 2πiresz1

zeiz

z2 + b2
= 2πi

e−|b|

2
= πie−|b| (29)

∞̂

−∞

x sinx

x2 + b2
dx = πe−|b| (30)

∞̂

0

x sinx

x2 + b2
dx =

1

2

∞̂

−∞

x sinx

x2 + b2
dx =

π

2
e−|b| (31)
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