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�1. Ïðèâåäåíèå óðàâíåíèé ê êàíîíè÷åñêîìó âèäó.

Äëÿ ïðèâåäåíèÿ ê êàíîíè÷åñêîìó âèäó óðàâíåíèÿ:

a11Uxx + 2a12Uxy + a22Uyy + F (x, y, U, Ux, Uy) = 0, U = U (x, y) ,

íåîáõîäèìî ïðîèíòåãðèðîâàòü óðàâíåíèÿ õàðàêòåðèñòèê:

a11dy − (a12 +
√

a2
12 − a11a22)dx = 0,

a11dy − (a12 −
√

a2
12 − a11a22)dx = 0

è íàéòè èíòåãðàëû ψ1(x, y) = c1, ψ2(x, y) = c2. Ïðîèçâåäÿ
çàìåíó íåçàâèñèìûõ ïåðåìåííûõ: ξ = ψ1(x, y), η = ψ2(x, y),

U(ξ, η) = U(x, y) â èñõîäíîì óðàâíåíèè, ïîëó÷èì óðàâíåíèå:

ã11Uξξ + 2ã12Uξη + ã22Uηη + F̃ (ξ, η, U, Uξ, Uη) = 0, U = U (ξ, η) .

Çíàê ïîäêîðåííîãî âûðàæåíèÿ îïðåäåëÿåò òèï óðàâíåíèÿ.
Åñëè a2

12 − a11a22 > 0, ò.å. ψ1(x, y) è ψ2(x, y) âåùåñòâåííû è
ôóíêöèîíàëüíî-íåçàâèñèìû, òî ã11 = ã22 = 0, è óðàâíåíèå ïðè-
ìåò âèä:

2ã12Uξη + F̃ (ξ, η, U, Uξ, Uη) = 0.

Ýòî - êàíîíè÷åñêàÿ ôîðìà óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà.
×àñòî ïîëüçóþòñÿ âòîðîé êàíîíè÷åñêîé ôîðìîé. Ïîëîæèâ ξ =

α + β, η = α− β, ïðèäåì ê óðàâíåíèþ

Uαα − Uββ + Φ(α, β, U, Uα, Uβ) = 0,

íàçûâàåìûì âòîðîé êàíîíè÷åñêîé ôîðìîé óðàâíåíèé ãèïåðáî-
ëè÷åñêîãî òèïà.
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Ïðè a2
12 − a11a22 = 0 èìååòñÿ ëèøü îäèí èíòåãðàë. Ïîëîæèì

â ýòîì ñëó÷àå ξ = ψ1(x, y), η = η(x, y), U(ξ, η) = U(x, y), ãäå
η = η(x, y) - ëþáàÿ ôóíêöèÿ, íåçàâèñèìàÿ îò ξ = ψ1(x, y). Ïðè
ýòîì îáðàòÿòñÿ â íóëü ñëåäóþùèå êîýôôèöèåíòû ïðè ñòàðøèõ
ïðîèçâîäíûõ: ã11 = 0 è ã12 = 0 è ïîëó÷èì êàíîíè÷åñêèé
âèä óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà:

2ã22Uηη + F̃ (ξ, η, U, Uξ, Uη) = 0,

ê êîòîðîìó, â ÷àñòíîñòè, ïðèíàäëåæèò óðàâíåíèå òåïëîïðîâîä-
íîñòè:

Ut = a2Uxx.

Åñëè çíàê ïîäêîðåííîãî âûðàæåíèÿ îòðèöàòåëåí, òî èíòå-
ãðàëû óðàâíåíèÿ õàðàêòåðèñòèê áóäóò êîìïëåêñíî-ñîïðÿæåíû
è çàìåíà íåçàâèñèìûõ ïåðåìåííûõ

ξ =
1

2
(ψ1(x, y) + ψ2(x, y)) = Re ψ1(x, y),

η =
1

2
(ψ1(x, y)− ψ2(x, y)) = Im ψ1(x, y),

ïðèâåäåò óðàâíåíèå ê êàíîíè÷åñêîé ôîðìå óðàâíåíèé ýëëèïòè-
÷åñêîãî òèïà:

Uξξ + Uηη + Φ(ξ, η, U, Uξ, Uη) = 0.

Ï ð è ì å ð. Ïðèâåñòè ê êàíîíè÷åñêîìó âèäó è íàéòè îáùåå
ðåøåíèå óðàâíåíèÿ:

Uxx + 2Uxy − 3Uyy + 2Ux + 6Uy = 0.

Ð å ø å í è å. a11 = 1, a12 = 1, a22 = −3. Èíòåãðàëû
óðàâíåíèé õàðàêòåðèñòèê èìåþò âèä: x + y = c1, 3x− y = c2.
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Äåëàÿ çàìåíó ξ = x + y, η = 3x− y, âû÷èñëÿÿ ïðîèçâîäíûå:
Ux = Uξ +3Uη, Uy = Uξ−Uη, Uxx = Uξξ +6Uξη +9Uηη, Uyy =

Uξξ − 2Uξη + Uηη, Uxy = Uξξ + 2Uξη − 3Uηη è, ïîäñòàâëÿÿ èõ â
èñõîäíîå óðàâíåíèå, ïîëó÷èì:

Uξη +
1

2
Uη = 0.

Ýòî óðàâíåíèå ìîæíî ïðîèíòåãðèðîâàòü ñëåäóþùèì îáðàçîì:
çàïèøåì åãî â âèäå ∂

∂η
[uξ + 1

2
U ] = 0. Ýòî îçíà÷àåò, ÷òî âûðàæå-

íèå, ñòîÿùåå â êâàäðàòíûõ ñêîáêàõ íå çàâèñèò îò ïåðåìåííîé
η è ìîæåò çàâèñåòü ëèøü îò ξ : Uξ + 1

2
U = f(ξ), ãäå f ïðî-

èçâîëüíàÿ ôóíêöèÿ óêàçàííîãî àðãóìåíòà. Ïîëó÷åííîå óðàâíå-
íèå - ëèíåéíîå, åãî ðåøåíèå ìîæíî çàïèñàòü êàê ñóììó îáùåãî
ðåøåíèÿ îäíîðîäíîãî, ðàâíîãî U0 = ϕ(η)e−

ξ
2 , ãäå ϕ(η) - ïðî-

èçâîëüíàÿ ôóíêöèÿ è ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî, êîòî-
ðîå ïðè ïðîèçâîëüíîé ïðàâîé ÷àñòè, çàâèñÿùåé îò ξ åñòü ïðî-
ñòî íåêîòîðàÿ (ïðîèçâîëüíàÿ) ôóíêöèÿ ξ. Òàêèì îáðàçîì, îá-
ùåå ðåøåíèå óðàâíåíèÿ ñîäåðæèò äâå ïðîèçâîëüíûå ôóíêöèè
è èìååò âèä U(ξ, η) = ϕ(η)e−

ξ
2 + φ(ξ), èëè, â ïåðåìåííûõ x, y:

U(x + y) = ϕ(3x− y)e−
x+y

2 + φ(x + y).

Ï ð è ì å ð 2. Ïðèâåñòè ê êàíîíè÷åñêîìó âèäó óðàâíåíèå:

Uxx + 4Uxy + 5Uyy + Ux + 2Uy = 0.

Ð å ø å í è å. a11 = 1, a12 = 2, a22 = 5. Èíòåãðàëû óðàâ-
íåíèé õàðàêòåðèñòèê êîìïëåêñíû è èìåþò âèä: (2x− y)± ix =

c1, 2. Äåëàÿ çàìåíó ξ = 2x− y, η = x, âû÷èñëÿÿ ïðîèçâîäíûå:
Ux = 2Uξ + Uη, Uy = −Uξ, Uxx = 4Uξξ + 4Uξη + Uηη, Uyy =

Uξξ, Uxy = −2Uξξ −Uξη è ïîäñòàâëÿÿ èõ â èñõîäíîå óðàâíåíèå,
ïîëó÷èì Uξξ + Uηη + Uη = 0 - óðàâíåíèå ýëëèïòè÷åñêîãî òèïà.
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Ïðèâåñòè óðàâíåíèÿ ê êàíîíè÷åñêîìó âèäó.

1. ∂2U
∂x2 + 2 ∂2U

∂x∂y
− 3∂2U

∂y2 + 2∂U
∂x

+ 6∂U
∂y

= 0.

2. ∂2U
∂x2 + 4 ∂2U

∂x∂y
+ 5∂2U

∂y2 + ∂U
∂x

+ 2∂U
∂y

= 0.

3. ∂2U
∂x2 − 2 ∂2U

∂x∂y
+ ∂2U

∂y2 + α∂U
∂x

+ β ∂U
∂y

+ cU = 0.

4. ∂2U
∂x2 − 2 cos x ∂2U

∂x∂y
− (3 + sin2 x)∂2U

∂y2 − y ∂U
∂y

= 0.

5. y2 ∂2U
∂x2 + 2xy ∂2U

∂x∂y
+ 2x2 ∂2U

∂y2 + y ∂U
∂y

= 0.

6. tg2x ∂2U
∂x2 − 2y tgx ∂2U

∂x∂y
+ y2 ∂2U

∂y2 + tg3x ∂U
∂x

= 0.

ÎÒÂÅÒÛ È ÓÊÀÇÀÍÈß.

1. ∂2U
∂ξ∂η

+ 1
2

∂U
∂ξ

= 0; ξ = x + y, η = 3x− y.

2. ∂2U
∂ξ2 + ∂2U

∂η2 + ∂U
∂η

= 0; ξ = 2x− y, η = x.

3. ∂2U
∂η2 + (α + β) ∂U

∂ξ
+ β ∂U

∂η
+ cU = 0; ξ = x + y, η = y.

4. ∂2U
∂ξ∂η

+ η−ξ
32

(∂U
∂ξ
− ∂U

∂η
) = 0; ξ = 2x+sin x+y, η = 2x−sin x−y.

5. ∂2U
∂ξ2 + ∂2U

∂η2 + 1
ξ−η

∂U
∂ξ

+ 1
2η

∂U
∂η

= 0; ξ = x2 − y2, η = x2.

6. ∂2U
∂η2 − 2ξ

η2
∂U
∂ξ

= 0; ξ = y sin x, η = y.

Ïðèâåñòè óðàâíåíèÿ ê êàíîíè÷åñêîìó âèäó è íàéòè
îáùåå ðåøåíèå óðàâíåíèé.

7. ∂2U
∂x2 − 2 sin x ∂2U

∂x∂y
− cos2 x∂2U

∂y2 − cos x∂U
∂y

= 0.

8. x2 ∂2U
∂x2 − 2xy ∂2U

∂x∂y
+ y2 ∂2U

∂y2 + x∂U
∂x

+ y ∂U
∂y

= 0.

9. x∂2U
∂x2 − y ∂2U

∂y2 + 1
2
(∂U

∂x
− ∂U

∂y
) = 0, (x > 0, y > 0).

10. ∂2U
∂x2 − y ∂2U

∂x2 − 1
2

∂U
∂y

= 0.
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ÎÒÂÅÒÛ È ÓÊÀÇÀÍÈß.

7. U(x, y) = ϕ(x + y − cos x) + ψ(x + cos x− y).

8. U(x, y) = ϕ(xy) ln y + ψ(xy).

9. U(x, y) = ϕ(
√

x +
√

y) + ψ(
√

x−√y).

10. U(x, y) = ϕ(x + 2
√

y) + ψ(x− 2
√

y) ïðè y > 0.

U(x, y) = Γ(x, 2
√−y) ïðè y < 0 , ãäå Γ - ïðîèçâîëüíàÿ

ãàðìîíè÷åñêàÿ ôóíêöèÿ äâóõ ïåðåìåííûõ.

Íàéòè ðåøåíèÿ.

11. ∂
∂x(x2 ∂U

∂x ) = x2 ∂2U
∂y2 .

12. (x− y) ∂2U
∂x∂y − ∂U

∂x + ∂U
∂y = 0.

13. ∂2U
∂x∂y + y ∂U

∂x + x∂U
∂y + xyU = 0.

14. Íàéòè çàêîí êîëåáàíèÿ áåñêîíå÷íîé ñòðóíû, åñëè íà-
÷àëüíîå îòêëîíåíèå çàäàåòñÿ ðàâåíñòâàìè:

U (x, t) |t=0 =





0, |x| > l,

(l − x)/100, 0 < l < x,

(l + x)/100, −l < x < 0,

ãäå l - çàäàííûé îòðåçîê. Íà÷àëüíàÿ ñêîðîñòü è âíåøíÿÿ âîç-
ìóùàþùàÿ ñèëû ðàâíû íóëþ.

15. Íàéòè çàêîí ñâîáîäíûõ êîëåáàíèé áåñêîíå÷íîé ñòðóíû,
åñëè íà÷àëüíîå îòêëîíåíèå âî âñåõ òî÷êàõ ðàâíî íóëþ, íà÷àëü-
íàÿ ñêîðîñòü íà ó÷àñòêå (0, `) ðàâíà a

100
, a íà ó÷àñòêàõ (−∞, 0)

è (`, +∞) ðàâíà íóëþ. Çäåñü a - ïîñòîÿííàÿ âåëè÷èíà, ôèãóðè-
ðóþùàÿ â óðàâíåíèè ñòðóíû, (0, `) - çàäàííûé îòðåçîê.
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16. Ðåøèòü ìåòîäîì õàðàêòåðèñòèê óðàâíåíèå êîëåáàíèÿ áåñ-
êîíå÷íîé ñòðóíû

∂2U

∂t2
= a2∂2U

∂x2
,

åñëè â íà÷àëüíûé ìîìåíò òî÷êàì ñòðóíû íà ó÷àñòêå (−h, 0) áû-
ëà ïðèäàíà ñêîðîñòü − a

100
, à íà ó÷àñòêå (0, h) - ñêîðîñòü + a

100
; â

îñòàëüíûõ òî÷êàõ ñòðóíû íà÷àëüíàÿ ñêîðîñòü ðàâíà íóëþ. Íà-
÷àëüíîå îòêëîíåíèå ðàâíî íóëþ âî âñåõ òî÷êàõ ñòðóíû.

ÎÒÂÅÒÛ È ÓÊÀÇÀÍÈß.

11. U(x, y) = ϕ(x−y)+ψ(x+y)
x .

Ó ê à ç à í è å: ââåñòè íîâóþ ôóíêöèþ V, ïîëîæèâ V = xU.

12. U(x, y) = ϕ(x)−ψ(y)
x−y .

Ó ê à ç à í è å: ââåñòè íîâóþ ôóíêöèþ V, ïîëîæèâ V = (x−y)U.

13. U(x, y) = e−
x2+y2

2 [ϕ(x) + ψ(y)].
14. Åñëè îáîçíà÷èòü ÷åðåç ϕ(x) ôóíêöèþ, çàäàííóþ ðàâåí-

ñòâàìè

ϕ(x) =





0 | x |≥ `,
`−x
100

0 ≤ x < `,
`+x
100

−` < x < 0,

òî çàêîí êîëåáàíèé ñòðóíû çàïèøåòñÿ ñëåäóþùèì îáðàçîì:
U(x, t) = ϕ(x−at)+ϕ(x+at)

2 .
15. Åñëè îáîçíà÷èòü ÷åðåç ψ(z) ôóíêöèþ, îïðåäåëåííóþ ðà-

âåíñòâàìè

ψ(z) =





0 z < 0,
z

200
0 ≤ z ≤ `,

`
200

z > `,

òî çàêîí êîëåáàíèÿ ñòðóíû çàïèøåòñÿ ñëåäóþùèì îáðàçîì: U(x, t) =

ψ(x + at)− ψ(x− at).
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16. Åñëè îáîçíà÷èòü ÷åðåç ψ(z) ôóíêöèþ, îïðåäåëåííóþ ðà-
âåíñòâàìè

ψ(z) =





0 z < −h,
−z−h
200

−h ≤ z < 0,
(z−h)
200

0 ≤ z ≤ h,

0 z > h,

òî çàêîí êîëåáàíèÿ ñòðóíû çàïèøåòñÿ ñëåäóþùèì îáðàçîì: U(x, t) =

ψ(x + at)− ψ(x− at).

�2. Çàäà÷à Êîøè.

17. Íàéòè ðåøåíèå óðàâíåíèÿ:

∂2U

∂x2
+ 2

∂2U

∂x∂y
− 3

∂2U

∂y2
= 0,

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

U |y=0 = 3x2;
∂U

∂y
|y=0 = 0.

18. Íàéòè ðåøåíèå óðàâíåíèÿ:

4y2∂2U

∂x2
+ 2(1− y2)

∂2U

∂x∂y
− ∂2U

∂y2
− 2y

1 + y2
(2

∂U

∂x
− ∂U

∂y
) = 0,

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

U |y=0 = ϕ0(x);
∂U

∂y
|y=0 = ϕ1(x).

19. Íàéòè ðåøåíèå óðàâíåíèÿ:

∂2U

∂x2
+ 2 cos x

∂2U

∂x∂y
− sin2 x

∂2U

∂y2
− sin x

∂U

∂y
= 0,

9



óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì:

U |y=sin x = ϕ0(x);
∂U

∂y
|y=sin x = ϕ1(x).

20. Íàéòè ðåøåíèå óðàâíåíèÿ:

∂2U

∂x2
+ 4

∂2U

∂x∂y
− 5

∂2U

∂y2
+

∂U

∂x
− ∂U

∂y
= 0,

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì:

U |y=0 = f(x);
∂U

∂y
|y=0 = F (x).

21. Íàéòè ðåøåíèå óðàâíåíèÿ:

∂

∂x

{(
1− x

h

)2 ∂U

∂x

}
=

1

a2

(
1− x

h

)2 ∂2U

∂t2
,

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì:

U |t=0 = f(x);
∂U

∂t
|t=0 = F (x).

22. Íàéòè ðåøåíèå âîëíîâîãî óðàâíåíèÿ:

∂2U

∂t2
= a2(

∂2U

∂x2
+

∂2U

∂y2
+

∂2U

∂z2
),

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì:

U |t=0 = ϕ(r);
∂U

∂t
|t=0 = ψ(r),

ãäå r =
√

x2 + y2 + z2, ϕ(r) è ψ(r) - ôóíêöèè, çàäàííûå äëÿ
âñåõ r ≥ 0 ( ñëó÷àé öåíòðàëüíîé ñèììåòðèè ).

23. Íàéòè ðåøåíèå óðàâíåíèÿ:

∂2U

∂t2
=

∂2U

∂x2

10



ïî åãî çíà÷åíèÿì íà äâóõ êóñêàõ õàðàêòåðèñòèê: U(x, t) = ϕ(x)

íà îòðåçêå õàðàêòåðèñòèêè t+x = 0, è U(x, t) = ψ(x) íà îòðåçêå
õàðàêòåðèñòèêè t− x = 0, ïðè÷åì ϕ(0) = ψ(0).

24. Íàéòè ðåøåíèå óðàâíåíèÿ:

∂2U

∂x2
+ 6

∂2U

∂x∂y
+ 5

∂2U

∂y2
= 0

ïî åãî çíà÷åíèÿì íà äâóõ êóñêàõ õàðàêòåðèñòèê: U(x, y) = ϕ(x)

íà õàðàêòåðèñòèêå x−y = 0, è U(x, y) = ψ(x) íà õàðàêòåðèñòèêå
5x− y = 0, ïðè÷åì ϕ(0) = ψ(0).

ÎÒÂÅÒÛ È ÓÊÀÇÀÍÈß.

17. U(x, y) = 3x2 + y2.

Ó ê à ç à í è å. Ñëåäóåò âîñïîëüçîâàòüñÿ îáùèì ðåøåíèåì
U(x, y) = ϕ(x + y) + ψ(3x− y) äàííîãî óðàâíåíèÿ.

18. U(x, y) = ϕ0(x− 2
3
y3) + 1/2

x+2y∫
x− 2

3
y3

ϕ1(x)dx.

19. U(x, y) = ϕ0(x−sin x+y)+ϕ0(x+sin x−y)
2

+ 1/2
x−sin x+y∫
x+sin x−y

ϕ1(z)dz.

20. U(x, y) = f(x + y) +

+ 5/6e−
x+y

6

[
x−y/5∫
x+y

ez/6 [f ′(z)dz − F (z)] dz

]
.

Ð å ø å í è å. Èíòåãðèðóÿ óðàâíåíèÿ õàðàêòåðèñòèê è äå-
ëàÿ çàìåíó ξ = 5x − y, η = x + y, óðàâíåíèå ïðèâåäåì ê
âèäó ∂

∂ξ
(6Uη + U) = 0, îòêóäà ïîëó÷èì 6Uη + U = φ(η), ãäå φ(η)

- ïðîèçâîëüíàÿ ôóíêöèÿ. Èíòåãðèðóÿ ýòî óðàâíåíèå àíàëîãè÷-
íî ìåòîäó âàðèàöèè ïîñòîÿííîé äëÿ îáûêíîâåííûõ ëèíåéíûõ
óðàâíåíèé, ïîëó÷èì U(x, y) = e−

x+y
6 [α(x + y) + β(5x− y)], à äëÿ

ïðîèçâîäíîé ïî y èìååì Uy = −1
6
e−

x+y
6 [α(x + y) + β(5x − y)] +
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e−
x+y

6 [α′(x + y) − β′(5x − y)], ãäå øòðèõ îçíà÷àåò äèôôåðåíöè-
ðîâàíèå ïî àðãóìåíòó, óêàçàííîìó â ñêîáêàõ. Ïîäñòàâëÿÿ â ýòè
âûðàæåíèÿ çíà÷åíèå y = 0 è ïðèðàâíèâàÿ ñîîòâåòñòâóþùèì
íà÷àëüíûì çíà÷åíèÿì, ïîëó÷èì ñèñòåìó óðàâíåíèé äëÿ îïðå-
äåëåíèÿ íåèçâåñòíûõ ôóíêöèé α è β:

f(x) = U(x, 0) = e−
x
6 [α(x) + β(5x)],

F (x) = Uy(x, 0) = −1

6
e−

x
6 [α(x) + β(5x)] + e−

x
6 [α′(x) + β′(5x)].

Äèôôåðåíöèðóÿ ïåðâîå èç íèõ è ñêëàäûâàÿ ñî âòîðûì, ïîëó÷èì

β′(5x) =
dβ(5x)

d5x
=

1

6
e

x
6 [f ′(x)− F (x)],

èíòåãðèðóÿ êîòîðîå, ïîëó÷èì

β(5x) =
5

6

x∫

a

e
t
6 [f ′(t)− F (t)]dt.

Çäåñü íèæíèé ïðåäåë, ðàâíûé a, èãðàåò ðîëü ïîñòîÿííîé èíòå-
ãðèðîâàíèÿ. Çàìåíÿÿ 5x íà 5x− y, ïîëó÷èì:

β(5x− y) =
5

6

x− y
5∫

a

e
t
6 [f ′(t)− F (t)]dt.

Íàõîäèì α(x) = f(x)e
x
6 −β(5x), çàìåíÿåì x íà x + y è ïîëó÷àåì

îòâåò.
21.

U(x, y) =
(h− x + at)f(x− at) + (h− x− at)f(x + at)

2(h− x)
+

+
1

2a

x+at∫

x−at

h− z

h− x
F (z)dz

12



22.

U(r, t) =
(r − at)ϕ(r − at) + (r + at)ϕ(r + at)

2r
+

1

2ar

r+at∫

r−at

ρψ(ρ)dρ

23.
U(x, y) = ϕ(

x− t

2
) + ψ(

x + t

2
)− ϕ(0).

Ð å ø å í è å. Ïîäñòàâëÿÿ â îáùåå ðåøåíèå óðàâíåíèÿ U(x, y) =

α(x− t) + β(x + t) çíà÷åíèå íà õàðàêòåðèñòèêå x− t = 0, ïîëó-
÷èì U(x, t)|t−x=o = ψ(x) = α(0) + β(2x), è íà õàðàêòåðèñòèêå
x + t = 0: U(x, t)|t+x=o = ϕ(x) = α(2x) + β(0). Ïðè x = 0 èç
ýòèõ ñîîòíîøåíèé ñëåäóåò ϕ(0) = ψ(0) = α(0)+β(0). Çàìåíÿÿ â
ïåðâîì ñîîòíîøåíèè 2x → x−t, à âî âòîðîì 2x → x+t, ïîëó÷èì

α(x− t) + β(0) = ϕ(
x− t

2
),

α(0) + β(x + t) = ψ(
x + t

2
).

Ñóììèðóÿ ïðàâûå è ëåâûå ÷àñòè ýòèõ ñîîòíîøåíèé, ïðèäåì ê
ñîîòíîøåíèþ α(x− t) + β(0) + α(0) + β(x + t) = ϕ(x−t

2
) + ψ(x+t

2
).

Îòêóäà

U(x, y) = ϕ(
x− t

2
) + ψ(

x + t

2
)− β(0)− α(0).

24.
U(x, y) = ϕ

(
5x− y

4

)
+ ϕ

(
y − x

4

)
− ϕ(0).
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�3. Óðàâíåíèÿ êîëåáàíèÿ ñ îäíîðîäíûìè ãðàíè÷íûìè
óñëîâèÿìè.

25. Íàéòè ðåøåíèå óðàâíåíèÿ:

∂2U

∂x2
=

1

a2

∂2U

∂t2
,

óäîâëåòâîðÿþùåå óñëîâèÿì: U |x=0 = 0; U |x=` = 0;

U |t=0 = F (x); (∂U
∂t

)|t=0 = F (x).

26. Íàéòè ðåøåíèå óðàâíåíèÿ:

∂2U

∂x2
=

1

a2

∂2U

∂t2

ïðè ãðàíè÷íûõ óñëîâèÿõ U |x=0 = 0; ∂U
∂x
|x=` = 0 è íà÷àëüíûõ

óñëîâèÿõ U |t=0 = rx; ∂U
∂t
|t=0 = 0.

27. Íàéòè çàêîí êîëåáàíèÿ ñòðóíû äëèíîé `, ðàñïîëîæåííîé
íà îòðåçêå (0, `), åñëè â íà÷àëüíûé ìîìåíò ñòðóíå ïðèäàíà ôîð-
ìà êðèâîé U = x(`−x)

8`
, à çàòåì ñòðóíà îòïóùåíà áåç íà÷àëüíîé

ñêîðîñòè. Âíåøíèå ñèëû îòñóòñòâóþò.
28. Íàéòè çàêîí êîëåáàíèÿ ñòðóíû äëèíû `, åñëè â íà÷àëü-

íûé ìîìåíò âñåì òî÷êàì ñòðóíû ñîîáùåíà ñêîðîñòü, ðàâíàÿ
a
10

(ãäå a - ïîñòîÿííàÿ, ôèãóðèðóþùàÿ â óðàâíåíèè óðàâíåíèè
ñòðóíû). Íà÷àëüíîå îòêëîíåíèå îòñóòñòâóåò. Êîíöû ñòðóíû çà-
êðåïëåíû. Âíåøíèå ñèëû îòñóòñòâóþò.

29. Îäíîðîäíàÿ ñòðóíà äëèíîé ` íàòÿíóòà ìåæäó òî÷êàìè
x = 0 è x = `. Â òî÷êå x = c ñòðóíà îòòÿãèâàåòñÿ íà íåáîëüøîå
ðàññòîÿíèå h îò ïîëîæåíèÿ ðàâíîâåñèÿ è â ìîìåíò (t = 0) îòïóñ-
êàåòñÿ áåç íà÷àëüíîé ñêîðîñòè. Îïðåäåëèòü îòêëîíåíèå U(x, t)

ñòðóíû äëÿ ëþáîãî ìîìåíòà âðåìåíè.
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30. Íàéòè çàêîí ñâîáîäíûõ êîëåáàíèé ñòðóíû, ðàñïîëîæåí-
íîé íà îòðåçêå (0, `), åñëè â íà÷àëüíûé ìîìåíò ñòðóíå áûëà
ïðèäàíà ôîðìà êðèâîé U = `

100
sin πx

2`
è çàòåì ñòðóíà îòïóùåíà

áåç íà÷àëüíîé ñêîðîñòè. Ñòðóíà çàêðåïëåíà íà ëåâîì êîíöå, à
ïðàâûé ìîæåò ñâîáîäíî ïåðåìåùàòüñÿ òàê, ÷òî êàñàòåëüíàÿ â
ïðàâîì êîíöå âñå âðåìÿ îñòàåòñÿ ãîðèçîíòàëüíîé.

31. Îäíîðîäíàÿ ñòðóíà äëèíîé `, çàêðåïëåííàÿ íà îáîèõ êîí-
öàõ, íàõîäèòñÿ â ïðÿìîëèíåéíîì ïîëîæåíèè ðàâíîâåñèÿ. Â íåêî-
òîðûé ìîìåíò âðåìåíè, ïðèíèìàåìûé çà íà÷àëüíûé, îíà ïîëó-
÷àåò â òî÷êå x = c óäàð ìîëîòî÷êà, êîòîðûé ñîîáùàåò ýòîé òî÷-
êå ïîñòîÿííóþ ñêîðîñòü V0. Íàéòè îòêëîíåíèå U(x, t) ñòðóíû
äëÿ ëþáîãî ìîìåíòà âðåìåíè.

Ðàññìîòðåòü äâà ñëó÷àÿ:
à) Ñòðóíà âîçáóæäàåòñÿ íà÷àëüíîé ñêîðîñòüþ

∂U(x, 0)

∂t
=

{
v0, | x− c |< π

2h

0, | x− c |> π
2h

.

Ýòîò ñëó÷àé ñîîòâåòñòâóåò ïëîñêîìó æåñòêîìó ìîëîòî÷êó, èìå-
þùåìó øèðèíó π/h è óäàðÿþùåìó â òî÷êå x = c.

á) Ñòðóíà âîçáóæäàåòñÿ íà÷àëüíîé ñêîðîñòüþ

∂U

∂t
=

{
v0 cos h(x− c), | x− c |< π

2h

0, | x− c |> π
2h

.

Ýòîò ñëó÷àé ñîîòâåòñòâóåò æåñòêîìó âûïóêëîìó ìîëîòî÷êó øè-
ðèíîé π

h
. Òàêîé ìîëîòî÷åê â öåíòðå èíòåðâàëà âîçáóæäàåò íàè-

áîëüøóþ ñêîðîñòü.
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ÎÒÂÅÒÛ È ÓÊÀÇÀÍÈß.

25.

U(x, t) =
∞∑

n=1

βn

[
l

anπ
sin

aπn

l
t + cos

aπn

l
t

]
sin

πnx

l
,

ãäå
βn =

2

l

∫ l

o
F (x) sin

nπx

l
dx.

26.
U(x, t) =

2rl

π

∞∑

n=1

(−1)n

n2
cos

aπnt

l
sin

nπx

l
.

27.

U(x, t) =
l

π3

[
sin πx

l
cos aπt

l

13
+

sin 3πx
l

cos 3aπt
l

33
+

sin 5πx
l

cos 5aπt
l

53
+ ...

]
.

28.

U(x, t) =
2l

5π2

[
sin πx

l
sin aπt

l

12
+

sin 3πx
l

sin 3aπt
l

32
+

sin 5πx
l

sin 5aπt
l

52
+ ...

]
.

29.

U(x, t) =
2hl2

π2c(l − c)

n=∞∑

n=1

1

n2
sin

πnc

l
sin

πnx

l
cos

aπnt

l
.

Ó ê à ç à í è å. Íà÷àëüíûå óñëîâèÿ íóæíî âçÿòü â âèäå:

U(x, 0) =

{
h
c
x, 0 ≤ x ≤ c,

h(x−l)
c−l

, c ≤ x ≤ l,

∂U

∂t
|t=0 = 0.

30.
U(x, t) =

l

100
sin

πx

2l
cos

aπt

2l
.
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31.

a) U(x, t) =
4v0l

aπ2

∞∑

n=1

1

n2
sin

πnc

l
sin

π2n

2hl
sin

aπnt

l
sin

πnx

l
.

b) U(x, t) =
4v0h

aπ

∞∑

n=1

sin πnc
l

cos π2n
2hl

n(h2 − n2π2

l2
)

sin
aπnt

l
sin

πnx

l
.

�4. Óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ îäíîðîäíûìè
ãðàíè÷íûìè óñëîâèÿìè.

Âî âñåõ ïîñëåäóþùèõ çàäà÷àõ, ñâÿçàííûõ ñ òåïëîïðîâîäíî-
ñòüþ ñòåðæíÿ, ïðåäïîëàãàåòñÿ, ÷òî îí îäíîðîäåí, èçîòðîïåí è
÷òî åãî ñòåíêè òåïëîèçîëèðîâàíû îò îêðóæàþùåé ñðåäû, åñëè
ñïåöèàëüíî íå îãîâîðåíî ïðîòèâíîå.

32. Íàéòè ðàñïðåäåëåíèå òåìïåðàòóðû â ñòåðæíå 0 ≤ x ≤ `

c òåïëîèçîëèðîâàííîé áîêîâîé ïîâåðõíîñòüþ, åñëè òåìïåðàòóðà
åãî êîíöîâ ïîääåðæèâàåòñÿ ðàâíîé íóëþ, à íà÷àëüíàÿ òåìïåðà-
òóðà ðàâíà f(x). Ðàññìîòðåòü ÷àñòíûé ñëó÷àé, êîãäà f(x) ≡
U0 = const.

33. Íàéòè çàêîí ðàñïðåäåëåíèÿ òåìïåðàòóðû âíóòðè ñòåðæ-
íÿ äëèíû `, ëåæàùåãî íà îòðåçêå(0, `), åñëè â íà÷àëüíûé ìî-
ìåíò òåìïåðàòóðà âíóòðè ñòåðæíÿ áûëà ðàñïðåäåëåíà ñëåäóþ-
ùèì îáðàçîì:

U(x, t)|t=0 =

{ x
`
U0, 0 < x < `/2,

`−x
`

U0,
`
2

< x < `,

ãäå U0 = const. Íà êîíöàõ ñòåðæíÿ ïîääåðæèâàåòñÿ íóëåâàÿ
òåìïåðàòóðà. Òåïëîîáìåí ñâîáîäíûé.
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34. Äàí òîíêèé îäíîðîäíûé ñòåðæåíü äëèíîé `, èçîëèðîâàí-
íûé îò âíåøíåãî ïðîñòðàíñòâà, íà÷àëüíàÿ òåìïåðàòóðà êîòîðî-
ãî ðàâíà f(x) = cx(`−x)

`2
. Êîíöû ñòåðæíÿ ïîääåðæèâàþòñÿ ïðè

íóëåâîé òåìïåðàòóðå. Îïðåäåëèòü òåìïåðàòóðó ñòåðæíÿ â ìî-
ìåíò âðåìåíè t > 0.

35. Íàéòè çàêîí ðàñïðåäåëåíèÿ òåìïåðàòóðû âíóòðè ñòåðæ-
íÿ ïðè ñâîáîäíîì òåïëîîáìåíå, åñëè íà ëåâîì êîíöå ñòåðæíÿ
(x = 0) ïîääåðæèâàåòñÿ ïîñòîÿííàÿ òåìïåðàòóðà U = 0, à ïðà-
âûé êîíåö ñòåðæíÿ (x = `) òåïëîèçîëèðîâàí îò îêðóæàþùåé
ñðåäû (ò.å. U ′

x(x, t)|x=0 = 0). Íà÷àëüíàÿ òåìïåðàòóðà ñòåðæíÿ
çàäàåòñÿ ôóíêöèåé: U(x, t)|t=0 = f(x).

36. Íàéòè çàêîí îñòûâàíèÿ îäíîðîäíîãî ñòåðæíÿ äëèíû `,

åñëè íà ëåâîì êîíöå ñòåðæíÿ (x = 0) ïîääåðæèâàåòñÿ ïîñòîÿí-
íàÿ òåìïåðàòóðà U = 0, à ïðàâûé êîíåö ñòåðæíÿ (x = `) òåï-
ëîèçîëèðîâàí. Íà÷àëüíàÿ òåìïåðàòóðà òî÷åê ñòåðæíÿ çàäàåòñÿ
ðàâåíñòâàìè:

U(x, t)|t=0 =

{
0, 0 < x < `

2
,

U0,
`
2

< x < `.

Òåïëîîáìåí ñâîáîäíûé.
37. Íàéòè òåìïåðàòóðó ñòåðæíÿ 0 ≤ x ≤ ` c òåïëîèçîëè-

ðîâàííîé ïîâåðõíîñòüþ è òåïëîèçîëèðîâàííûìè êîíöàìè, åñëè
íà÷àëüíàÿ òåìïåðàòóðà ÿâëÿåòñÿ ïðîèçâîëüíîé ôóíêöèåé x.

38. Äàí îäíîðîäíûé øàð ðàäèóñà R, öåíòð êîòîðîãî ðàñïîëî-
æåí â íà÷àëå êîîðäèíàò. Èçâåñòíî, ÷òî íà÷àëüíàÿ òåìïåðàòóðà
ëþáîé òî÷êè øàðà çàâèñèò òîëüêî îò ðàññòîÿíèÿ r ýòîé òî÷-
êè îò öåíòðà øàðà. Âî âñå âðåìÿ íàáëþäåíèÿ âíåøíÿÿ ïîâåðõ-
íîñòü øàðà ïîääåðæèâàåòñÿ ïðè íóëåâîé òåìïåðàòóðå. Îïðåäå-
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ëèòü òåìïåðàòóðó ëþáîé òî÷êè âíóòðè ñôåðû â ëþáîé ìîìåíò
âðåìåíè t > 0.

ÎÒÂÅÒÛ È ÓÊÀÇÀÍÈß.

32. Ðåøåíèåì êðàåâîé çàäà÷è

Ut = a2Uxx, a2 =
λ

cρ
, 0 < x < l, 0 < t < ∞,

U(0, t) = U(l, t) = 0, 0 < t < ∞,

U(x, 0) = f(x), 0 < x < l,

ÿâëÿåòñÿ
U(x, t) =

∞∑

n=1

ane
−a2π2n2

l2
t sin

nπx

l
,

an =
2

l

l∫

0

f(x) sin
πnx

l
dx.

Åñëè f(x) = U0 = const, òî

U(x, t) =
4U0

π

∞∑

k=0

1

2k + 1
e−

a2π2(2k+1)2

l2
t sin

(2k + 1)πx

l
.

33.

U(x, t) =
4U0

π2



e−

π2a2

l2
t sin πx

l

12
− e−

32π2a2

l2
t sin 3πx

l

32
+

e−
52π2a2

l2
t sin 5πx

l

52
− ...


 .

34.

U(x, t) =
8c

π3

∞∑

n=0

1

(2n + 1)2
exp

(
−(2n + 1)2π2a2

l2
t

)
sin

(2n + 1)πx

l
.
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35.
U(x, t) =

∞∑

k=1

Ake
− (2k−1)2π2a2

4l2
t sin

(2k − 1)πx

2l
,

Ak =
2

l

l∫

0

f(x) sin
(2k − 1)πx

2l
dx.

36.

U(x, t) =
4U0

π

∞∑

k=1

cos π(2k−1)
4

2k − 1
e−

(2k−1)2π2a2

4l2
t sin

(2k − 1)πx

2l
.

37.
U(x, t) =

a0

2
+

∞∑

n=1

ane
−n2π2a2

l2
t cos

nπx

l
,

an =
2

l

l∫

0

f(x) sin
πnx

l
dx.

38.

U(r, t) =
2

Rr

∞∑

n=1

e−
n2π2a2

R2 t sin
nπr

R

R∫

0

ρf(ρ) cos
nπρ

R
dρ.

Ó ê à ç à í è å. Çàäà÷à ïðèâîäèòñÿ ê èíòåãðèðîâàíèþ óðàâ-
íåíèÿ

∂v

∂t
= a2∂2v

∂r2
,

ãäå v = rU, a =
√

k
cρ

, ïðè óñëîâèÿõ:

v (0, t) = 0, v (R, t) = 0, v (r, 0) = rf (r) .
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�6. Íåîäíîðîäíûå óðàâíåíèÿ êîëåáàíèé è
òåïëîïðîâîäíîñòè èëè çàäà÷è ñ íåîäíîðîäíûìè

ãðàíè÷íûìè óñëîâèÿìè.

39. Ðåøèòü óðàâíåíèå

∂2U

∂t2
=

∂2U

∂x2
+ x(x− l)t2

ïðè íóëåâûõ íà÷àëüíûõ óñëîâèÿõ è óñëîâèÿõ íà ãðàíèöàõ:

U(0, t) = 0, U(l, t) = 0.

40. Ðåøèòü óðàâíåíèå:

∂2U

∂x2
− a2∂2U

∂t2
− 2h

∂U

∂t
− b2U = 0

ïðè íóëåâûõ íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèÿõ:

U(0, t) = A, U(l, t) = 0.

41. Íà ñòðóíó äëèíû ` ïîñòîÿííî äåéñòâóåò âíåøíÿÿ âîçìó-
ùàþùàÿ ñèëà, ïëîòíîñòü êîòîðîé (â ðàñ÷åòå íà åäèíèöó ìàññû
ñòðóíû) ðàâíà a2

10`
sin ωt; çäåñü a -ïîñòîÿííàÿ, ôèãóðèðóþùàÿ â

óðàâíåíèè ñòðóíû, ω - ïîëîæèòåëüíîå ÷èñëî, îòëè÷íîå îò ÷è-
ñåë âèäà kaπ

`
, (k = 1, 2, 3, . . .). Íàéòè çàêîí êîëåáàíèÿ ñòðóíû,

åñëè íà÷àëüíîå îòêëîíåíèå è íà÷àëüíàÿ ñêîðîñòü ðàâíû íóëþ,
à êîíöû ñòðóíû çàêðåïëåíû.

42. Íàéòè ïðîäîëüíûå êîëåáàíèÿ ñòåðæíÿ 0 ≤ x ≤ `, åñëè
îäèí êîíåö ñòåðæíÿ çàêðåïëåí æåñòêî, à ê êîíöó x = `, íà÷èíàÿ
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ñ ìîìåíòà t = 0, ïðèëîæåíà ñèëà F (t) = A sin ωt, (0 ≤ t < ∞).

Êîëåáàíèÿ ïðîèñõîäÿò â ñðåäå ñ ñîïðîòèâëåíèåì, ïðîïîðöèî-
íàëüíîì ñêîðîñòè.

43. Îäíîðîäíàÿ ñòðóíà äëèíîé ` íàòÿíóòà ìåæäó òî÷êàìè
x = 0 è x = `. Â òî÷êå x = x0 ñòðóíà îòòÿãèâàåòñÿ íà íåáîëü-
øîå ðàññòîÿíèå h îò ïîëîæåíèÿ ðàâíîâåñèÿ è â ìîìåíò t îòïóñ-
êàåòñÿ áåç íà÷àëüíîé ñêîðîñòè. Îïðåäåëèòü îòêëîíåíèå U(x, t)

ñòðóíû äëÿ ëþáîãî ìîìåíòà âðåìåíè ïðè óñëîâèè, ÷òî êîëåáà-
íèÿ ïðîèñõîäÿò â ïîëå ñèëû òÿæåñòè â ñðåäå ñ ñîïðîòèâëåíèåì,
ïðîïîðöèîíàëüíûì ñêîðîñòè, à êîíöû ñòðóíû çàêðåïëåíû íà
îäèíàêîâîé âûñîòå.

44. Íàéòè çàêîí êîëåáàíèÿ ñòðóíû ñ æ¼ñòêî çàêðåïëåííûìè
êîíöàìè x = 0, x = `, ïðè óñëîâèè, ÷òî ñðåäà, â êîòîðîé êîëåá-
ëåòñÿ ñòðóíà, îêàçûâàåò ñîïðîòèâëåíèå, ïðîïîðöèîíàëüíîå ïåð-
âîé ñòåïåíè ñêîðîñòè. Íà÷àëüíîå îòêëîíåíèå è íà÷àëüíàÿ ñêî-
ðîñòü ñòðóíû çàäà¼òñÿ â âèäå: U(x, t)|t=0 = f(x), ∂U

∂t
|t=0 = F (x).

45. Íàéòè çàêîí ðàñïðåäåëåíèÿ òåìïåðàòóðû âíóòðè ñòåðæ-
íÿ äëèíû `, åñëè â íà÷àëüíûé ìîìåíò òåìïåðàòóðà âíóòðè ñòåðæ-
íÿ âî âñåõ òî÷êàõ ðàâíÿëàñü 00, â ëåâîì êîíöå ïîääåðæèâàåòñÿ
âñ¼ âðåìÿ ïîñòîÿííàÿ òåìïåðàòóðà m1, à â ïðàâîì - ïîñòîÿííàÿ
òåìïåðàòóðà m2. Òåïëîîáìåí ñâîáîäíûé.

46. Íàéòè çàêîí ðàñïðåäåëåíèÿ òåìïåðàòóðû âíóòðè ñòåðæ-
íÿ äëèíû `, ðàñïîëîæåííîãî íà îòðåçêå [ 0, ` ], åñëè â íà-
÷àëüíûé ìîìåíò òåìïåðàòóðà âíóòðè ñòåðæíÿ ðàâíÿëàñü íóëþ,
â ïðàâîì êîíöå òåìïåðàòóðà ïîääåðæèâàåòñÿ âñå âðåìÿ ðàâ-
íîé íóëþ, à â ëåâîì èçìåíÿåòñÿ ïî çàêîíó U(0, t) = U0 cos ωt,

(ãäå U0, ω - çàäàííûå ÷èñëà). Òåïëîîáìåí íåñâîáîäíûé: âíóòðè
ñòåðæíÿ èìåþòñÿ èñòî÷íèêè è ïîãëîòèòåëè òåïëà. Èõ èíòåíñèâ-
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íîñòü (â ðàñ÷åòå íà åäèíèöó ìàññû ñòåðæíÿ) ðàâíà U0ω
`−x

`
sin ωt.

47. Íàéòè çàêîí èçìåíåíèÿ òåìïåðàòóðû â îäíîðîäíîì èçî-
òðîïíîì ñòåðæíå äëèíû ` ïðè ñâîáîäíîì òåïëîîáìåíå, åñëè íà-
÷àëüíàÿ òåìïåðàòóðà ýòîãî ñòåðæíÿ çàäàíà ðàâåíñòâîì U(x, 0) =

= ϕ(x). Ëåâûé êîíåö ýòîãî ñòåðæíÿ òåïëîèçîëèðîâàí, à â ïðà-
âîì ïîääåðæèâàåòñÿ ïîñòîÿííàÿ òåìïåðàòóðà U(l, t) = U0 > 0.

Ðàññìîòðåòü, â ÷àñòíîñòè, ñëó÷àé, êîãäà ϕ(x) = U0
x2

l2
.

48. Íàéòè ðåøåíèå óðàâíåíèÿ

∂U

∂t
+ 6U − 3

∂2U

∂x2
= 0,

óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì: U(0, t) = 1, U(2, t) = 2

è íà÷àëüíîìó óñëîâèþ: U(x, 0) = x2 − 3
2
x + 1.

49. Íàéòè ðàñïðåäåëåíèå òåìïåðàòóðû â îäíîðîäíîì øàðå
ðàäèóñà R. Âíóòðè øàðà, íà÷èíàÿ ñ ìîìåíòà âðåìåíè
t = 0, äåéñòâóåò èñòî÷íèê òåïëà ñ ïîñòîÿííîé ïëîòíîñòüþ Q,

à ïîâåðõíîñòü ïîääåðæèâàåòñÿ ïðè òåìïåðàòóðå, ðàâíîé íóëþ.
Íà÷àëüíàÿ òåìïåðàòóðà ðàâíà íóëþ.

50. Îäíîðîäíîå òâåðäîå òåëî îãðàíè÷åíî êîíöåíòðè÷åñêèìè
ñôåðàìè ñ ðàäèóñàìè R è 2R. Âíóòðåííÿÿ ïîâåðõíîñòü òåëà
íåïðîíèöàåìà äëÿ òåïëà. Øàðîâîé ñëîé íàãðåò äî òåìïåðàòóðû
U0 è çàòåì îõëàæäàåòñÿ â ñðåäå ñ íóëåâîé òåìïåðàòóðîé. Íàéòè
òåìïåðàòóðó â òî÷êàõ âíóòðè øàðîâîãî ñëîÿ â ìîìåíò âðåìåíè
(t > 0.)
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ÎÒÂÅÒÛ È ÓÊÀÇÀÍÈß.

39.
U(x, t) = −8l4t2

π5

∞∑

n=0

1

(2n + 1)5
sin

(2n + 1)πx

l
+

+
16l6

π7

∞∑

n=0

1

(2n + 1)7
sin

(2n + 1)πx

l
−

−16l6

π7

∞∑

n=0

1

(2n + 1)7
cos

(2n + 1)πt

l
sin

(2n + 1)πx

l
.

40.
U(x, t) = A

sinh b(l − x)

sinh bl
−

−2Ae−µt
∞∑

k=1

2kπ

b2l2 + k2π2

(
cosh nkt +

µ

nk

sinh nkt
)

sin
kπx

l
,

ãäå
µ =

h

a2
, nk =

1

a2l

√
h2l2 − a2(b2l2 + k2π2).

41.

U(x, t) = −0, 4a2ω

πl

∞∑

n=0

sin (2n+1)πx
l

(2n + 1)
(
ω2 − (2n+1)2a2π2

l2

)×

×

sin ωt

ω
− sin (2n+1)aπt

l
(2n+1)aπ

l


 .

42. Ðåøåíèåì êðàåâîé çàäà÷è

Utt = a2Uxx − 2νUt, 0 < x < l, 0 < t < ∞,

U(0, t) = 0, 0 < t < ∞, Ux(l, t) = A
ES

sin ωt, U(x, 0) =

Ut(x, 0) = 0, 0 < x < l, ÿâëÿåòñÿ U(x, t) = u (x, t)+

+e−νt
∞∑

n=0

(
an cos

(2n + 1)πat

l
+ bn sin

(2n + 1)πat

l

)
sin

(2n + 1)πx

2l
,

24



an = −2

l

l∫

0

u(z, 0) sin
(2n + 1)πz

2l
dz,

bn = − 4ν

(2n + 1)πa

l∫

0

ut(z, 0) sin
(2n + 1)πz

2l
dz.

Óñòàíîâèâøèåñÿ êîëåáàíèÿ îïðåäåëÿþòñÿ ôîðìóëîé

u(x, t) = Im

{
A(α− iβ)

ES(α2 + β2)

e(α+iβ)x − e−(α+iβ)x

e(α+iβ)l − e−(α+iβ)eiωt

}
,

ãäå

α + iβ =

√
ω2 − 2νωi

a
=

1

a

√√
ω4 + 4ν2ω2 + ω2

2
−

− i

a

√√
ω4 + 4ν2ω2 − ω2

2
.

43. Ð å ø å í è å. Èìååì êðàåâóþ çàäà÷ó

Utt = a2Uxx − 2νUt + g, 0 < x < l, 0 < t < ∞, (1)

U(0, t) = U(l, t) = 0, 0 < t < ∞, Ut(x, 0) = 0.

U(x, 0) =

{
h
x0

x, 0 < x < x0;
h(l−x)
l−x0

, x0 < x < l.

Èùåì ñíà÷àëà ñòàöèîíàðíîå ðåøåíèå w(x) óðàâíåíèÿ (1), óäî-
âëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì w(0) = w(l) = 0. Ïîäñòàâ-
ëÿÿ w â (1), ïîëó÷èì

0 = a2d2w

dx2
+ g, 0 < x < l,

îòêóäà
w(x) = − g

2a2
x2 + C1x + C2.

25



Èç ãðàíè÷íûõ óñëîâèé íàõîäèì:

C2 = 0, C1 =
gl

2a2
.

Îñòàåòñÿ ðåøèòü êðàåâóþ çàäà÷ó

vtt = a2vxx − 2νvt, 0 < x < l, 0 < t < ∞,

v(x, 0) =

{
h
x0

x + g
2a2 (x

2 − lx), 0 < x < x0;
h(l−x)
l−x0

+ g
2a2 (x

2 − lx), x0 < x < l;

vt(x, 0) = 0, 0 < x < x0.

Ïîëó÷èì:
U(x, t) = − g

2a2
(x2 − lx)+

+
2l2

π2
e−νt

∞∑

n=1

{
h sin πnx0

l

n2x0(l − x)
+

g [−1 + (−1)n]

πn3a2

}
·

·
(
cos ωnt +

ν

ωn

sin ωnt
)

sin
πnx

l
.

44. U(x, t) = e−ht
∞∑

k=1
(ak cos qkt + bk sin qk) sin kπx

l
,

ãäå

qk =

√
k2π2a2

l2
− h2; ak =

∫ l

0
f(x) sin

kπx

l
dx;

bk =
h

qk

ak +
2

lqk

∫ l

0
F (x) sin

kπx

l
dx.

45.

U(x, t) =
∞∑

k=1

2

kπ

[
−m1 + (−1)k m2

]
e−

k2π2a2

l2
t sin

kπx

l
+

+ m1 + (m2 −m1)
x

l
.
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46.

U(x, t) = U0

(
1− x

l

)
cos ωt− 2U0

π

∞∑

k=1

1

k
e−

k2π2a2

l2
t sin

kπx

l
.

47. Ð å ø å í è å çàäà÷è Ut = a2Uxx ñ íà÷àëüíûìè óñëî-
âèÿìè U(x, t)|t=0 = ϕ(x) è íåîäíîðîäíûìè ãðàíè÷íûìè óñëîâè-
ÿìè Ux(0, t) = 0, U(l, t) = U0 > 0 ñâîäèòñÿ ê ðåøåíèþ çàäà-
÷è ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè, åñëè ñäåëàòü çàìå-
íó v(x, t) = U(x, t) − u(x, t), ãäå u(x, t) - ëþáàÿ ôóíêöèÿ, óäî-
âëåòâîðÿþùàÿ ãðàíè÷íîìó óñëîâèþ. Â ÷àñòíîñòè, ìîæíî âçÿòü
U(x, t) = U0x2

l
, òàê,÷òî çàìåíà èìååò âèä v(x, t) = U(x, t)− U0x2

l
.

Ôóíêöèÿ v(x, t) óäîâëåòâîðÿåò óðàâíåíèþ:

vt = a2vxx +
2U0a

2

l2

ñ íà÷àëüíûì óñëîâèåì v(x, t)|t=0 = ϕ(x) − 2U0x2

l2
è îäíîðîäíûì

ãðàíè÷íûì óñëîâèÿì vx(0, t) = 0, v(l, t) = 0. Íàõîäèì ñèñòå-
ìó ñîáñòâåííûõ ôóíêöèé îäíîðîäíîãî óðàâíåíèÿ, óäîâëåòâî-
ðÿþùèõ îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì. Ðåøàÿ îäíîðîäíîå
óðàâíåíèå ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ v(x, t) = X(x)T (t),
ïîëó÷èì äëÿ îïðåäåëåíèÿ X(x):

X ′′(x) + λ2X(x) = 0.

Íåòðèâèàëüíîå ðåøåíèå ïîëó÷èì ïðè C1 6= 0, C2 = 0, λ = (2k−1)π
2l

,

à ñîáñòâåííûå ôóíêöèè èìåþò âèä: Xk = cos (2k−1)πx
2l

, (k = 1, 2, ...).

Ôóíêöèþ v èùåì â âèäå ðÿäà: v(x, t) =
∞∑

k=1
bk(t) cos (2k−1)πx

2l
.

Ïîäñòàâëÿÿ ýòî âûðàæåíèå â èñõîäíîå óðàâíåíèå äëÿ v, ðàçëà-
ãàÿ íåîäíîðîäíûé ÷ëåí â ðÿä Ôóðüå ïî òîé æå ñèñòåìå ôóíê-
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öèé è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñîáñòâåí-
íûõ ôóíêöèÿõ, ïîëó÷èì äëÿ îïðåäåëåíèÿ bk(t) óðàâíåíèå:

b′k(t) = −(2k − 1)2π2a2

4l2
bk(t) + (−1)k−1 8U0a

2

(2k − 1)πl2

ñ íà÷àëüíûìè óñëîâèÿìè

bk(0) =
2

l

∞∫

0

[
ϕ(x)− U0x

2

l

]
cos

(2k − 1)πx

2l
dx.

Îïðåäåëÿÿ bk è ïîäñòàâëÿÿ â âûðàæåíèå äëÿ v, íàéäåì

U(x, t) =
U0x

2

l2
+

∞∑

k=1

[
cke

− (2k−1)2π2a2

4l2
t +

32U0(−1)k−1

(2k − 1)3π3

]
cos

(2k − 1)πx

2l
,

ãäå

ck =
2

l

l∫

0

[
ϕ(x)− U0x

2

l

]
cos

(2k − 1)πnx

2l
dx +

32U0(−1)k−1

(2k − 1)3π3
.

Ïðè ϕ = U0x2

l
èìååì:

U(x, t) =
U0x

2

l2
+

∞∑

k=1

32U0(−1)k−1

(2k − 1)3π3

[
1− e−

(2k−1)2π2a2

4l2
t
]
cos

(2k − 1)πx

2l
.

48.

U(x, t) =
∞∑

k=1

{
−16(1− 2 cos kπ)

kπ(k2π2 + 8)

[
1− e−

3
4
(k2π2+8)t

]
−

−16(1− cos kπ)

k3π3
e−

3
4
(k2π2+8)t

}
sin

kπx

2
+ 1 +

x

2
.
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Ó ê à ç à í è å. Äåëàÿ çàìåíó v(x, t) = U(x, t)−
(
1 + x

2

)
, ñâåñòè

çàäà÷ó ê ñëåäóþùåé: íàéòè ðåøåíèå óðàâíåíèÿ
∂v

∂t
+ 6v − 3

∂2v

∂x2
= −6− 3x,

óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì v(0, t) = v(2, t) = 0 è
íà÷àëüíîìó óñëîâèþ v(x, t)|t=0 = x2 − 2x.

49.

U(r, t) =
Q

6k

(
R2 − r2

)
+

2QR3

krπ3

∞∑

n=1

(−1)n

n3
e−

n2a2π2

R2 t sin
nπr

R
.

Ó ê à ç à í è å. Çàäà÷à ïðèâîäèòñÿ ê ðåøåíèþ óðàâíåíèÿ
∂U

∂t
= a2

(
∂2U

∂r2
+

2

r

∂U

∂r

)
+

Q

cρ

ñ íà÷àëüíûì óñëîâèåì U(r, t)|t=0 = 0, è ñ ãðàíè÷íûìè óñëîâèÿ-
ìè U(R, t) = 0, U(r, t)|r=0 - êîíå÷íî, a2 = k

cρ
.

50.

U(r, t) =
∞∑

k=1

Ak
Rλk cos λk(r −R) + sin λk(r −R)

r
e−λ2

ka2t,

ãäå λ1, λ2, λ3, ...-ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ

(1− 2Rh + 2λ2R2) sin λR = (1 + 2Rh)Rλ cos λR,

Ak =
3R3λ2

k(1 + 2Rh)U0

(1 + R2λ2
k)[(1 + 2Rh)R2λ2

k + (2Rh + 2R2λ2
k − 1) sin2 λkR]

.

Ó ê à ç à í è å. Çàäà÷à ïðèâîäèòñÿ ê ðåøåíèþ óðàâíåíèÿ
∂U

∂t
= a2

(
∂2U

∂r2
+

2

r

∂U

∂r

)

ïðè óñëîâèÿõ
∂U

∂r
|r=R = 0,

∂U

∂r
+ hU |r=2R = 0, U(r, 0) = U0.
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�6. Óðàâíåíèÿ êîëåáàíèÿ è òåïëîïðîâîäíîñòè äëÿ
ïðÿìîóãîëüíûõ îáëàñòåé.

51. Íàéòè çàêîí ñâîáîäíûõ êîëåáàíèé êâàäðàòíîé ìåìáðàíû
ñî ñòîðîíîé `, åñëè â íà÷àëüíûé ìîìåíò ìåìáðàíå ïðèäàíà ñêî-
ðîñòü Ut(x, y, t)|t=0 = a

50
, ( ãäå a - ïîñòîÿííàÿ, ôèãóðèðóþùàÿ â

óðàâíåíèè ìåìáðàíû). Íà÷àëüíîå îòêëîíåíèå ðàâíî íóëþ. Ìåì-
áðàíà çàêðåïëåíà â òî÷êàõ ñâîåãî êîíòóðà.

52. Íàéòè çàêîí ñâîáîäíûõ êîëåáàíèé êâàäðàòíîé ìåìáðàíû
ñî ñòîðîíîé `, åñëè â íà÷àëüíûé ìîìåíò îòêëîíåíèå â êàæäîé
òî÷êå îïðåäåëÿëîñü ðàâåíñòâîì: U(x, y, t)|t=0 = `

100
sin πx

`
sin πy

`
.

Íà÷àëüíàÿ ñêîðîñòü ðàâíà íóëþ. Âäîëü êîíòóðà ìåìáðàíà çà-
êðåïëåíà.

53. Íàéòè çàêîí ñâîáîäíûõ êîëåáàíèé îäíîðîäíîé ïðÿìî-
óãîëüíîé ìåìáðàíû (0 ≤ x ≤ `; 0 ≤ y ≤ m), åñëè ãðàíè÷íûå
óñëîâèÿ òàêîâû: U(x, y, t)|x=0 = 0; U(x, y, t)|x=` = 0;

U(x, y, t)|y=0 = h sin πx
`

; U(x, y, t)|y=m = h sin πx
`
. Â íà÷àëüíûé

ìîìåíò t = 0 ìåìáðàíà èìåëà ôîðìó U(x, y, 0) = h sin πx
`
, à ñêî-

ðîñòü âñåõ å¼ òî÷åê áûëà ðàâíà v0 sin πx
`
.

54. Òîíêàÿ ïëåíêà íàòÿíóòà íà ïðîâîëî÷íûé êàðêàñ, ïðîåê-
òèðóþùååñÿ íà ïëîñêîñòè (0 x y) â ïðÿìîóãîëüíèê ñî ñòîðî-
íàìè x = 0, x = 1, y = 0, y = m; îòêëîíåíèå òî÷åê êîí-
òóðà îò ïëîñêîñòè (0 x y) çàäàåòñÿ ðàâåíñòâàìè: U(x, y)|x=0 =

0; U(x, y)|x=` = 0; U(x, y)|y=0 = ϕ(x); U(x, y)|y=m = ψ(x). Íàé-
òè ôîðìó ïîâåðõíîñòè, ïî êîòîðîé ðàñïîëîæèòñÿ ïëåíêà. Ðå-
øèòü çàäà÷ó â òîì ñëó÷àå, êîãäà ϕ(x) = 0; ψ(x) = h sin πx

`
.

55. Òîíêàÿ ïëåíêà íàòÿíóòà íà ïðîâîëî÷íûé êàðêàñ, ïðîåê-
òèðóþùååñÿ íà ïëîñêîñòè (0 x y) â ïðÿìîóãîëüíèê ñî ñòîðî-
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íàìè x = 0, x = `, y = 0, y = m. Îòêëîíåíèå òî÷åê êîí-
òóðà îò ïëîñêîñòè (x 0 y) çàäàåòñÿ ðàâåíñòâàìè: U(x, y)x=0 =

f(y); U(x, y)|x=` = g(y); U(x, y)|y=0 = ϕ(x); U(x, y)|y=m =

ψ(x). Íàéòè ôîðìó ïîâåðõíîñòè, ïî êîòîðîé ðàñïîëîæèòñÿ ïëåí-
êà. Ðåøèòü çàäà÷ó â ñëó÷àå, åñëè îòêëîíåíèå ïëåíêè îò ïëîñêî-
ñòè (O x y) â òî÷êàõ êîíòóðà çàäàåòñÿ ðàâåíñòâàìè: U(0, y) = 0,
U(`, y) = hy

m
, U(x, 0) = 0; U(x,m) = hx

`
.

56. Êîîðäèíàòû òî÷åê îäíîðîäíîãî è èçîòðîïíîãî ïàðàëëå-
ëåïèïåäà D óäîâëåòâîðÿþò íåðàâåíñòâàì: 0 ≤ x ≤ `1; 0 ≤ y ≤
`2; 0 ≤ z ≤ `3. Íàéòè çàêîí èçìåíåíèÿ òåìïåðàòóðû âíóò-
ðè ýòîãî ïàðàëëåëåïèïåäà, åñëè íà÷àëüíàÿ òåìïåðàòóðà òî÷åê,
ëåæàùèõ âíóòðè ïàðàëëåëåïèïåäà, îïðåäåëÿåòñÿ ðàâåíñòâîì:
U(x, y, z, t)|t=0 = f(x, y, z), (ãäå f - çàäàííàÿ ôóíêöèÿ, îïðåäå-
ëåííàÿ âíóòðè ïàðàëëåëåïèïåäà). Íà ïîâåðõíîñòè ïàðàëëåëå-
ïèïåäà ïîääåðæèâàåòñÿ ïîñòîÿííàÿ íóëåâàÿ òåìïåðàòóðà.

57. Êîîðäèíàòû òî÷åê îäíîðîäíîãî è èçîòðîïíîãî ïàðàëëå-
ëåïèïåäà D óäîâëåòâîðÿþò íåðàâåíñòâàì: 0 ≤ x ≤ `1; 0 ≤ y ≤
`2; 0 ≤ z ≤ `3. Íàéòè çàêîí èçìåíåíèÿ òåìïåðàòóðû âíóò-
ðè ïàðàëëåëåïèïåäà D, åñëè ýòîä ïàðàëëåëåïèïåä èçîëèðîâàí â
òåïëîâîì îòíîøåíèè îò îêðóæàþùåé ñðåäû è åñëè íà÷àëüíàÿ
òåìïåðàòóðà òî÷åê, ëåæàùèõ âíóòðè ïàðàëëåëåïèïåäà, îïðå-
äåëÿåòñÿ ðàâåíñòâîì U(x, y, z, t)|t=0 = f(x, y, z), ãäå f(x, y, z) -
ôóíêöèÿ, çàäàííàÿ âíóòðè D.

ÎÒÂÅÒÛ È ÓÊÀÇÀÍÈß.

51.

U(x, y, t) =
∑ 0.32l

π3ik
√

i2 + k2
sin

πa
√

i2 + k2

l
t sin

iπx

l
sin

kπy

l
,
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ãäå ñóììèðîâàíèå ïðîâîäèòñÿ ïî âñåì ïàðàì íå÷åòíûõ íîìåðîâ
i > 0, k > 0 : (1, 1), (1, 3), (3, 1), ... 52.

U(x, y, t) =
l

100
cos

aπ
√

2

l
t sin

πx

l
sin

πy

l
.

53. Ð å ø å í è å. Èñêîìàÿ ôóíêöèÿ óäîâëåòâîðÿåò óðàâíåíèþ

∂2U

∂t2
= a2

(
∂2U

∂x2
+

∂2U

∂y2

)
.

Ñäåëàåì çàìåíó ïåðåìåííîé: w = U−h sin πx
l
. Òîãäà íîâàÿ íåèç-

âåñòíàÿ ôóíêöèÿ óäîâëåòâîðÿåò íåîäíîðîäíîìó óðàâíåíèþ

∂2w

∂t2
= a2

(
∂2w

∂x2
+

∂2w

∂y2
− π2h

l2
sin

πx

l

)
,

îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì w(x, y, t)|x=0 = w(x, y, t)|x=l =

w(x, y, t)|y=0 = w(x, y, t)|y=m = 0, è íåîäíîðîäíûì íà÷àëüíûì:
w(x, y, t)|t=0 = 0, w′

t(x, y, t)|t=0 = v0 sin πx
l
. Íàõîäèì ñîáñòâåííûå

ôóíêöèè îäíîðîäíîãî óðàâíåíèÿ:

∂2w

∂t2
= a2

(
∂2w

∂x2
+

∂2w

∂y2

)
,

óäîâëåòâîðÿþùèõ îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì

ϕi,k = sin
iπx

l
sin

kπy

m

è áóäåì èñêàòü ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ â âèäå ñóììû
ðÿäà ïî ýòèì ôóíêöèÿì:

w(x, y, t) =
∑

i,k

βi,k(t)ϕi,k =
∑

i,k

βi,k(t) sin
iπx

l
sin

kπy

m
.
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Ðàçëîæèì ôóíêöèþ −π2h
l

sin πx
l

â äâîéíîé ðÿä Ôóðüå ïî ñèíó-
ñàì:

−π2h

l2
sin

πx

l
=

∑

i,k

ci,k sin
iπx

l
sin

kπy

m
,

ãäå

ci,k =





0 i > 1 (k-ëþáîå)
−4πh

l
i = 1 (k-íå÷åòíî)

0 i = 1 k-÷åòíîå)
.

Ïîäñòàâëÿÿ w è ýòîò ðÿä â íåîäíîðîäíîå óðàâíåíèå , ïîëó÷èì
óðàâíåíèå äëÿ îïðåäåëåíèÿ β(t):

β′′i,k(t) = −a2

(
i2π2

l2
+

k2π2

m2

)
βi,k(t) + a2ci,k(t)

ñ íà÷àëüíûìè óñëîâèÿìè

βi,k(0) = 0.

Ðåøàÿ ýòè óðàâíåíèÿ, íàéäåì, ÷òî ïðè i > 1 (k-ëþáîå), à òàêæå
ïðè i = 1 (ê-÷åòíîå)

βi,k = 0.

Åñëè æå i = 1, ê - íå÷åòíîå, òî äëÿ β1,k óðàâíåíèå ñâîäèòñÿ ê

β′′1,k (t) + a2π2

(
1

l2
+

k2

m2

)
β1,k (t) = −4πha2

kl2
,

à íà÷àëüíûå óñëîâèÿ ïðèíèìàþò âèä: βi,k(0) = 0, β′1,k(0) =

= 4v0

kπ
. Â ýòîì ñëó÷àå

β1,k (t) =
4V0

akπ2
√

1
l2

+ k2

m2

sin aπt

√
1

l2
+

k2

m2
−
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− 4h

πkl2
(

1
l2

+ k2

m2

)

1− cos aπt

√
1

l2
+

k2

m2


 .

Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ êîýôôèöèåíòîâ β è ó÷èòûâàÿ
ñâÿçü ìåæäó U è w, ïîëó÷èì:

U(x, y, t) = h sin
πx

l
+

∑

 4V0

akπ2
√

1
l2

+ k2

m2

sin aπt

√
1

l2
+

k2

m2
−

− 4h

kπl2( 1
l2

+ k2

m2 )
(1− cos aπt

√
1

l2
+

k2

m2
)


 sin

πx

l
sin

kπy

m
,

ãäå ñóììèðîâàíèå ïðîâîäèòñÿ ïî âñåì íå÷åòíûì k > 0.

54.
U(x, y) =

∞∑

k=1

[
Ake

kπy
l + Bke

− kπy
l

]
sin

kπx

l
,

ãäå Ak = 1
l·sh kπm

l

l∫
0

[
ψ(x)− e−

kπm
l ϕ(x)

]
sinkπx

l
dx,

Bk =
1

l · shkπm
l

l∫

0

[
e

kπm
l ϕ(x)− ψ(x)

]
sin

kπx

l
dx.

U(x, y) =
h

shπm
l

sh
πy

l
sin

πx

l
.

55. Ðåøåíèå èùåì â âèäå ñóììû äâóõ ôóíêöèé:

U(x, y) = v(x, y) + w(x, y),

ãäå v(x, y) óäîâëåòâîðÿåò óðàâíåíèþ vxx +vyy = 0 ñ ãðàíè÷íûìè
óñëîâèÿìè

v(0, y) = v(l, y) = 0, v(x, 0) = ϕ(x), v(x,m) = ψ(x),

34



a w(x, y) - òàêîìó æå óðàâíåíèþ è ãðàíè÷íûì óñëîâèÿì w(0, y) =

f(y); w(l, y) = g(y); w(x, 0) = w(x,m) = 0. Ïîëó÷èì

v(x, y) =
∞∑

k=1

[
Ake

kπy
l + Bke

− kπy
l

]
sin

kπx

l
,

ãäå
Ak = 1

l·sh kπm
l

l∫
0

[
ψ(x)− e−

kπm
l ϕ(x)

]
sinkπx

l
dx,

Bk =
1

l · shkπm
l

l∫

0

[
−ψ(x) + e

kπm
l ϕ(x)

]
sin

kπx

l
dx,

w(x, y) =
∞∑

k=1

[
Cke

kπx
l + Dke

− kπx
l

]
sin

πky

m
.

Çäåñü Ck = 1
m·sh kπl

m

l∫
0

[
g(y)− e−

kπl
m f(y)

]
sinkπy

l
dy,

Dk =
1

m · shkπl
m

l∫

0

[
−g(y) + e

kπl
m f(y)

]
sin

kπy

l
dy.

U(x, y) =
∞∑

k=1

(−1)k−12h

kπ

[
shkπy

l
sin kπx

l

shkπm
l

+
shkπx

m
sin kπy

m

shkπl
m

]
.

56.
U(x, y, z, t) =

=
∞∑

n=1

∞∑

m=1

∞∑

k=1

Bkmne
−π2a2

(
k2

l2
1

+m2

l2
2

+n2

l2
3

)
t

sin
kπx

l1
sin

mπy

l2
sin

nπz

l3
,

ãäå

Bkmn =
8

l1l2l3

∫∫∫

D

f(x, y, z) sin
kπx

l1
sin

mπy

l2
sin

nπz

l3
dxdydz.
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57. Çàäà÷à ñâîäèòñÿ ê òîìó, ÷òîáû íàéòè òî ðåøåíèå óðàâíåíèÿ

Ut = a2(Uxx + Uyy + Uzz),

êîòîðîå óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ

U(x, y, z)|t=0 = f(x, y, z)

è ãðàíè÷íîìó óñëîâèþ
∂U

∂n
|S = 0,

ãäå S - ïîâåðõíîñòü ïàðàëëåëåïèïåäà. Ýòî ãðàíè÷íîå óñëîâèå
ðàâíîñèëüíî ñèñòåìå ñëåäóþùèõ ãðàíè÷íûõ óñëîâèé:

U ′
x(0, y.z, t) = U ′

x(l1, y, z, t) = U ′
y(x, 0, z, t) = U ′

y(x, l2, z, t) =

= U ′
z(x, y, 0, t) = U ′

z(x, y, l3, t) = 0.

Èñêîìûì ðåøåíèåì áóäåò

U(x, y, z, t) =

=
∞∑

n=1

∞∑

m=1

∞∑

k=1
Akmne

−π2a2

(
k2

l2
1
+m2

l2
2

+n2

l2
3

)
t
sin

kπx

l1
sin

mπy

l2
sin

nπz

l3
,

ãäå

Akmn =
Gkmn

l1l2l3

∫∫∫

D

f(x, y, z) cos
kπx

l1
cos

mπy

l2
cos

nπz

l3
dxdydz.

Çäåñü

Gkmn =





8,

4,

2,

1,

k 6= 0, m 6= 0, n 6= 0

k = 0, m 6= 0, n 6= 0 è êðóãîâàÿ ïîäñòàíîâêà èíäåêñîâ,
k = 0, m = 0, n 6= 0 è êðóãîâàÿ ïîäñòàíîâêà èíäåêñîâ,
k = 0, m = 0, n = 0 è êðóãîâàÿ ïîäñòàíîâêà èíäåêñîâ.
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�7. Çàäà÷à Äèðèõëå.

58. Íàïèñàòü ðåøåíèå ïåðâîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ
Ëàïëàñà âíóòðè êðóãà.

59. Íàïèñàòü ðåøåíèå ïåðâîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ
Ëàïëàñà âíå êðóãà.

60. Íàéòè ðåøåíèå à) âíóòðåííåé è á) âíåøíåé êðàåâûõ çà-
äà÷ äëÿ óðàâíåíèÿ Ëàïëàñà, åñëè íà ãðàíèöå êðóãà çàäàíû óñëî-
âèÿ:

1)U |ρ=a = A sin ϕ; 2)U |ρ=a = A sin3 ϕ + B;

3)U |ρ=a =

{
A sin ϕ, 0 < ϕ < π;

1/3A sin3 ϕ, π < ϕ < 2π.

61. Íàïèñàòü ðåøåíèå âòîðîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ
Ëàïëàñà ∆U = 0 à) âíóòðè, á) âíå êðóãà.

62. à) Íàïèñàòü ðåøåíèå òðåòüåé âíóòðåííåé êðàåâîé çàäà÷è
äëÿ óðàâíåíèÿ Ëàïëàñà â êðóãå, åñëè ãðàíè÷íîå óñëîâèå çàïè-
ñûâàåòñÿ â âèäå ∂U

∂ρ − hU = −f ïðè ρ = a.

á) Íàéòè òàê æå ðåøåíèå òðåòüåé âíåøíåé êðàåâîé çàäà÷è
äëÿ êðóãà.

63. Ðåøèòü óðàâíåíèå Ëàïëàñà ∆U = 0 â ïëîñêîé îáëàñòè,
îãðàíè÷åííîé äâóìÿ êîíöåíòðè÷åñêèìè îêðóæíîñòÿìè ðàäèó-
ñîâ ` è L (` < L), åñëè çàäàíû ñëåäóþùèå ãðàíè÷íûå óñëîâèÿ:
U(r, ϕ)|r=` = f(ϕ); U(r, ϕ)|r=L = F (ϕ).

Ðàññìîòðåòü, â ÷àñòíîñòè, ñëó÷àé, êîãäà f(ϕ) è F (ϕ) - ïî-
ñòîÿííû: (f(ϕ) ≡ A,F (ϕ) ≡ B)

64. Íàéòè ðåøåíèå óðàâíåíèÿ Ëàïëàñà â êðóãå x2 + y2 < R2

ïðè êðàåâîì óñëîâèè ∂U
∂r
|r=R = ψ(θ), 0 ≤ θ ≤ 2π.
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65. Íà ãðàíèöå òîíêîé ïëàñòèíêè â ôîðìå êðóãîâîãî ñåêòîðà
ρ ≤ a; 0 ≤ ϕ ≤ α çàäàíà òåìïåðàòóðà

U =

{
f(ϕ), åñëè ρ = a;

0, åñëè ϕ = 0 èëè ϕ = α.

Íàéòè ñòàöèîíàðíîå òåðìè÷åñêîå ïîëå â ïëàñòèíêå. Ðàññìîò-
ðåòü ÷àñòíûé ñëó÷àé:

f(ϕ) =

{
U1, 0 < ϕ < α

2
;

U2,
α
2

< ϕ < α.

66. Íàéòè ñòàöèîíàðíîå ðàñïðåäåëåíèå òåìïåðàòóðû â òîí-
êîé ïëàñòèíêå, èìåþùåé ôîðìó êðóãîâîãî ñåêòîðà, ðàäèóñû êî-
òîðîãî ïîääåðæèâàþòñÿ ïðè òåìïåðàòóðå U1, à äóãà îêðóæíîñòè
ïðè òåìïåðàòóðå U2.

67. Ðåøèòü óðàâíåíèå Ëàïëàñà âíóòðè êîëüöåâîãî ñåêòîðà,
îãðàíè÷åííîãî äóãàìè îêðóæíîñòåé ρ = a, ρ = b, è ðàäèóñàìè
ϕ = 0, ϕ = α, åñëè çàäàíû ñëåäóþùèå óñëîâèÿ íà ãðàíèöàõ:
U = 0 ïðè ϕ = 0, ϕ = α, U = f(ϕ) ïðè ρ = 0; U = F (ϕ)

ïðè ρ = b. Ðàññìîòðåòü ïðåäåëüíûå ñëó÷àè: a → 0; b → ∞;

α = π.

68. Äàí îäíîðîäíûé èçîòðîïíûé øàð, öåíòð êîòîðîãî íà-
õîäèòñÿ â íà÷àëå êîîðäèíàò; ðàäèóñ øàðà `. Èçâåñòíî, ÷òî íà-
÷àëüíàÿ òåìïåðàòóðà ëþáîé ÷àñòè øàðà çàâèñèò òîëüêî îò ðàñ-
ñòîÿíèÿ r ýòîé òî÷êè îò íà÷àëà êîîðäèíàò è ðàâíà f(r). Íà
ïîâåðõíîñòè øàðà ïîääåðæèâàåòñÿ ïîñòîÿííàÿ òåìïåðàòóðà 0.

Íàéòè çàêîí îñòûâàíèÿ øàðà. Ðàññìîòðåòü ÷àñòíûé ñëó÷àé, êî-
ãäà f(r) = U0 = const 6= 0.

69. Íàéòè ãàðìîíè÷åñêóþ ôóíêöèþ âíóòðè øàðà åäèíè÷íî-
ãî ðàäèóñà ñ öåíòðîì â íà÷àëå êîîðäèíàò, ïðèíèìàþùóþ çàäàí-
íûå çíà÷åíèÿ ϕ(θ) = cos2 θ íà ïîâåðõíîñòè ýòîãî øàðà.
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ÎÒÂÅÒÛ È ÓÊÀÇÀÍÈß.

58.

U(r, ϕ) =
A0

2
+

∞∑

n=1

(
r

a

)n

(An cos nϕ + Bn sin nϕ) , (1)

ãäå An è Bn - êîýôôèöèåíòû ðÿäà Ôóðüå ôóíêöèè f(r).

An =
1

π

2π∫

0

f(r) cos nϕdϕ, (n = 0, 1, 2, ...), (21)

Bn =
1

π

2π∫

0

f(r) sin nϕdϕ, (n = 1, 2, 3, ...). (22)

Èç ôîðìóëû (1) ìîæíî ïîëó÷èòü èíòåãðàëüíîå ïðåäñòàâëåíèå
äëÿ ðåøåíèÿ ïåðâîé âíóòðåííåé çàäà÷è äëÿ óðàâíåíèÿ Ëàïëàñà
âíóòðè êðóãà (ôîðìóëà Ïóàññîíà):

U(r, ϕ) =
1

2π

2π∫

0

a2 − r2

a2 + r2 − 2ar cos(ϕ− ψ)
f(ψ)dψ.

Ð å ø å í è å. Òðåáóåòñÿ íàéòè ôóíêöèþ U(r, ϕ), íåïðåðûâ-
íóþ â êðóãå 0 ≤ r ≤ a, óäîâëåòâîðÿþùóþ âíóòðè ýòîãî êðóãà
óðàâíåíèþ

1

r

∂

∂r

(
r
∂U

∂r

)
+

1

r2

∂2U

∂φ2
=

∂2U

∂r2
+

1

r

∂U

∂r
+

1

r2

∂2U

∂φ2
= 0,

è ãðàíè÷íîìó óñëîâèþ U |r=a = f(ϕ), ãäå f(ϕ)- çàäàííàÿ ôóíê-
öèÿ.
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Çàäà÷à ðåøàåòñÿ ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ. Ðåøåíèå
èùåì â âèäå ñóììû

U(r, ϕ) =
∞∑

n=0

Rn(r)Φn(ϕ);

Φn(r) =

{
cos nϕ,

sin nϕ,
Rn(r) =

{
rn,

r−n.

59. U(r, ϕ) = A0

2
+

∞∑
n=1

(
a
r

)n
(An cos nϕ + Bn sin nϕ) , ãäå a -ðàäèóñ

êðóãà, An, Bn - îïðåäåëÿþòñÿ ïî ôîðìóëàì (21) è (22) çàäà÷è 1.
60. à) Ðåøåíèå âíóòðåííèõ êðàåâûõ çàäà÷ èìåþò âèä:

1) U(r, ϕ) = A r
a
sin ϕ.

2) U(r, ϕ) = B + 3A r
a
sin ϕ− 4A

(
r
a

)3
sin 3ϕ.

3) U(r, ϕ) = A r
a
sin ϕ− 8A

π

∞∑
k=1

(
r
a

)2k cos 2kϕ
4k2−9

.

á) Ðåøåíèå âíåøíèõ êðàåâûõ çàäà÷ äàþòñÿ âûðàæåíèÿìè:
1) U(r, ϕ) = Aa

r
sin ϕ.

2) U(r, ϕ) = B + 3Aa
r
sin ϕ− 4A

(
a
r

)3
sin 3ϕ.

3) U(r, ϕ) = Aa
r
sin ϕ− 8A

π

∞∑
k=1

(
a
r

)2k cos 2kϕ
4k2−9

.

Ó ê à ç à í è å: Â çàäà÷àõ 2) è 3) èñïîëüçîâàëàñü òðèãîíîìåò-
ðè÷åñêàÿ ôîðìóëà

sin3 ϕ = 3 sin ϕ− 4 sin 3ϕ.

61. Ðåøåíèå âòîðîé âíóòðåííåé êðàåâîé çàäà÷è äëÿ êðóãà

U(r, ϕ) =
∞∑

n=1

rn

nan−1
(An cos nϕ + Bn sin nϕ) + C1.

Ðåøåíèå âíåøíåé çàäà÷è

U(r, ϕ) = −
∞∑

n=1

an+1

nrn
(An cos nϕ + Bn sin nϕ) + C2,
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ãäå C1, C2 - ïðîèçâîëüíûå ïîñòîÿííûå, a - ðàäèóñ êðóãà, An, Bn

- êîýôèöèåíòû Ôóðüå ôóíêöèè f(ϕ) = ∂U
∂ν
|r=a,

ν - íàïðàâëåíèå âíåøíåé íîðìàëè ê ðàññìàòðèâàåìîé îáëàñòè.
Ó ê à ç à í è å: à) Òðåáóåòñÿ íàéòè ôóíêöèþ U(r, ϕ), íåïðå-

ðûâíóþ â êðóãå 0 ≤ r ≤ a, óäîâëåòâîðÿþùóþ óðàâíåíèþ ∆U =

0 âíóòðè ýòîãî êðóãà è ãðàíè÷íîìó óñëîâèþ f(ϕ) = ∂U
∂ν
|r=a, à

òàêæå óñëîâèþ
2π∫
0

f(ϕ)dϕ = 0.

á) Òðåáóåòñÿ íàéòè ôóíêöèþ U(r, ϕ), óäîâëåòâîðÿþùóþ óðàâ-
íåíèþ ∆U = 0 âíå êðóãà ðàäèóñà a, ãðàíè÷íîìó óñëîâèþ f(ϕ) =
∂U
∂ν
|r=a, è óñëîâèþ îãðàíè÷åííîñòè ïðè r →∞.

62. a) U(r, ϕ) =
∞∑

n=1

rn

an−1(n−ah)
(An cos nϕ + Bn sin nϕ)− A0

2h
,

62. á) U(r, ϕ) = − ∞∑
n=1

an+1

rn(an+h)
(An cos nϕ + Bn sin nϕ)− A0

2h
,

ãäå a - ðàäèóñ êðóãà, An, Bn - îïðåäåëÿþòñÿ ïî ôîðìóëàì (21)

è (22) çàäà÷è 1.
63. Çàäà÷à ñâîäèòñÿ ê ðåøåíèþ óðàâíåíèÿ Ëàïëàñà â ïîëÿðíîé
ñèñòåìå êîîðäèíàò

r
∂2U

∂r2
+

∂U

∂r
+

1

r

∂2U

∂ϕ2
= 0

ïðè ñëåäóþùèõ äîïîëíèòåëüíûõ óñëîâèÿõ: U(r, ϕ), êàê ôóíê-
öèÿ îò ϕ, ïåðèîäè÷íà ñ ïåðèîäîì 2π.

U(a, ϕ) = f(ϕ), U(b, ϕ) = F (ϕ).

Ðåøàÿ ìåòîäîì Ôóðüå (U(r, ϕ) = R(r)Φ(ϕ)), ïðèõîäèì ê
äâóì óðàâíåíèÿì

Φ′′(ϕ) + λΦ(ϕ) = 0, R′′(r) +
1

r
R′(r)− λ

r2
R(r) = 0.
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Èç óñëîâèÿ ïåðèîäè÷íîñòè íàõîäèì, ÷òî λ = k2, k = 0, 1, 2, .. è
êàæäîìó k (êðîìå k = 0, êîòîðîìó ñîîòâåòñòâóåò îäíî ðåøåíèå
Φ0 = 1) ñîîòâåòñòâóþò äâà ðåøåíèÿ, ò.å. Φ̂(ϕ) = cos kϕ è Φ̃(ϕ) =

sin kϕ. Ïîäñòàâëÿÿ λ = k2 âî âòîðîå óðàâíåíèå, ïîëó÷àåì äâà
ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ R̂k(r) = rk è R̃k(r) = r−k, à ïðè
k = 0 R̂0(r) = 1 R̃0(r) = ln r. Â èòîãå ïîëó÷èì

U(r, ϕ) =
â0

2
+

∞∑

k=1

(âkr
k cos kϕ + bkr

k sin kϕ)+

+
ã0

2
lnr +

∞∑

k=1

(ãkr
−k cos kϕ + b̃kr

−k sin kϕ).

Äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ, èñïîëüçóåì ãðàíè÷íûå óñëî-
âèÿ: ïîäñòàâëÿÿ r = l è r = L â ðåøåíèå, ïðèðàâíèâàÿ èõ ñîîò-
âåòñòâóþùèì ÷ëåíàì ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèé f(φ) è
F (φ) ïîëó÷èì ñîîòíîøåíèÿ äëÿ íàõîæäåíèÿ âñåõ êîýôôèöèåí-
òîâ. Â ÷àñòíîì ñëó÷àå, êîãäà f(ϕ) è F (ϕ)-êîíñòàíòû, ïîëó÷èì
âk = ãk = b̂k = b̃k = 0 ïðè k > 0 è

U(r, ϕ) =
B − A

ln L− ln l
ln r +

A ln L−B ln l

ln L− ln l
=

B ln r
l
+ A ln L

r

ln L
l

.

Â îáùåì ñëó÷àå

âk =
1

lkL−k − l−kLk

1

π

π∫

−π

[
L−kϕ(ϕ)− l−kF (ϕ)

]
cos ϕdϕ,

ãk =
1

l−kLk − lkL−k

1

π

π∫

−π

[
Lkϕ(ϕ)− lkF (ϕ)

]
cos kϕdϕ,

b̂k =
1

lkL−k − l−kLk

1

π

π∫

−π

[
L−kϕ(ϕ)− l−kF (ϕ)

]
sin kϕdϕ,
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b̃k =
1

l−kLk − lkL−k

1

π

π∫

−π

[
Lkϕ(ϕ)− lkF (ϕ)

]
sin kϕdϕ.

64. U(r, ϕ) = C +
∞∑

n=1

rn

nRn−1 (αn cos nϕ + βn sin nϕ).

ãäå αn = 1
π

2π∫
0

ψ(ϕ) cos nϕdϕ, βn = 1
π

2π∫
0

ψ(ϕ) sin nϕdϕ, C -
ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Ðÿä ìîæíî ïðîñóììèðîâàòü, ïîäñòàâèâ âûðàæåíèå äëÿ αn è
βn â ðåøåíèå:

U(r, ϕ) = C +
1

π

2π∫

0

ψ(θ)
∞∑

n=1

rn

nRn−1
cos n(θ − ϕ)dθ =

= C +
R

π

2π∫

0

ψ(θ)
∞∑

n=1

1

n
Re

{(
r

R

)n

ein(θ−ϕ)
}

dθ =

= C +
R

π

2π∫

0

ψ(θ)
∞∑

n=1

Re zn

nςn
dθ,

ãäå ââåäåíî îáîçíà÷åíèÿ: z = reiϕ, ς = Reiθ. Èñïîëüçóÿ ñîîò-
íîøåíèå ∞∑

n=1

tn

n
= ln

1

1− t
, |t| < 1,

íàõîäèì:

U(r, ϕ) = C +
R

π

2π∫

0

ψ(θ) ln |ς − z| dθ.

65. U(r, ϕ) =
∞∑

n=0
fn

(
r
a

)πn
α sin πn

α
ϕ,

ãäå

fn =
2

α

α∫

0

f(ϕ) sin
πn

α
ϕdϕ.
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Â ÷àñòíîì ñëó÷àå f(ϕ) =

{
U1 0 < ϕ < α

2

U2
α
2

< ϕ < α
ðÿä

ñóììèðóåòñÿ è äàåò

U(r, ϕ) =
U1 + U2

π
arctg

2r
π
α α

π
α sin πn

α
ϕ

α
2π
α − r

2π
α

+

+
U1 − U2

π
arctg

2r
π
α α

π
α sin πn

α
ϕ

α
4π
α − r

4π
α

.

Ïðè ñóììèðîâàíèè ðÿäîâ áûëà èñïîëüçîâàíà ôîðìóëà
∞∑

k=0

z2k+1

2k + 1
=

1

2
ln

1 + z

1− z
(α).

Â ñàìîì äåëå: J =
∞∑

k=0
ξ2k+1 sin(2k+1)ϕ

2k+1
=

=
1

2i

{ ∞∑

k=0

ξ2k+1 ei(2k+1)ϕ

2k + 1
−

∞∑

k=0

ξ2k+1 e−i(2k+1)ϕ

2k + 1

}
.

Îáîçíà÷àÿ z = ξeiϕ = ξ(cos ϕ+i sin ϕ) è z∗ = ξe−iϕ = ξ(cos ϕ−
i sin ϕ) , è ïîëüçóÿñü ôîðìóëîé (α), ïîëó÷èì

J =
1

4i
ln

(1 + z)(1− z∗)
(1− z)(1 + z∗)

=
1

4i
ln

1− ξ2 + 2iξ sin ϕ

1− ξ2 − 2iξ sin ϕ
=

1

2
arctg

2ξ

1− ξ2
.

Îòñþäà è ñëåäóåò îòâåò.
66.

U(r, ϕ) = U1 +
4 (U2 − U1)

π

∞∑

k=0

(
r

a

) (2k+1)π
α sin(2k + 1)π

α
ϕ

2k + 1
,

èëè

U(r, ϕ) =
2U1

π
arctg

r
2π
α − a

2π
α

2a
π
α r

π
α sin πn

α
ϕ

+
2U2

π
arctg

2r
π
α a

π
α sin πn

α
ϕ

r
2π
α − a

2π
α

.
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67.
U(r, ϕ) =

∞∑

n=1

(
Anr

πn
α + Bnr

−πn
α

)
sin

πn

α
ϕ,

ãäå

fn =
2

α

α∫

0

f(ϕ) sin
πn

α
ϕdϕ, Fn =

2

α

α∫

0

F (ϕ) sin
πn

α
ϕdϕ,

An =
b

πn
α Fn − a

πn
α fn

b2πn
α − a2πn

α
, Bn =

b
πn
α fn − a

πn
α Fn

b2πn
α − a2πn

α
(ab)

πn
α .

×àñòíûå ñëó÷àè: ïðè a → 0 èìååì Bn = 0, An = Fn

b
πn
α

è ïîëó-
÷àåì ðåøåíèå çàäà÷è äëÿ êðóãîâîãî ñåêòîðà; ïðè b →∞ èìååì
An = 0, Bn = fna

πn
α è

U(r, ϕ) =
∞∑

n=1

fn

(
a

r

)πn
α

sin
πn

α
ϕ.

68.

U(x, t) =
∑

k=1

ck

r
sin

πkr

l
e−

π2k2a2

l2
t, ck =

2

l

l∫

0

f(r) sin
πkr

l
dr

÷àñòíîì ñëó÷àå: U(r, t) = 2U0

∞∑
n=1

(−1)n+1e−
n2π2a2

l2
t sin nπr

l
nπr

l
.

Ó ê à ç à í è å. Ïðè ðåøåíèè ìåòîäîì Ôóðüå â óðàâíåíèè äëÿ
R(r);

rR′′ + 2R′ + λ2rR = 0

óäîáíî ñäåëàòü çàìåíó y = rR, òîãäà èñõîäíîå óðàâíåíèå ïðè-
âåäåòñÿ ê âèäó

y′′ + λ2y = 0.
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69. U(r, θ) = 1
3
(1− r2) + r2 cos2 θ.

Ó ê à ç à í è å. Ââåñòè ñôåðè÷åñêèå êîîðäèíàòû (r, θ, ϕ), Ðåøåíèå
U íå çàâèñèò îò ϕ , è ïîýòîìó , óðàâíåíèå Ëàïëàñà ñâîäèòñÿ ê
óðàâíåíèþ

∂

∂r

(
r2∂U

∂r

)
+

1

sin θ

∂

∂θ

(
sin θ

∂U

∂θ

)
= 0.

�8. Ìåòîä èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ôóðüå.

Ïðåîáðàçîâàíèÿ Ôóðüå íà ïðÿìîé −∞ < x < ∞ èìåþò âèä:

f̄(λ) =
1√
2π

∞∫

−∞
f(ξ)e−iλξdξ f(x) =

1√
2π

∞∫

−∞
f̄(λ)eiλxdλ.

Íà ïîëóïðÿìîé 0 < x < ∞ ìîæíî ðàññìàòðèâàòü êàê êîñèíóñ-
ïðåîáðàçîâàíèå Ôóðüå:

f̄ (c)(λ) =

√
2

π

∞∫

0

f(ξ) cos λξdξ, f(x) =

√
2

π

∞∫

0

f̄ (c)(λ) cos λxdλ,

òàê è ñèíóñ-ïðåîáðàçîâàíèå:

f̄ (s)(λ) =

√
2

π

∞∫

0

f(ξ) sin λξdξ, f(x) =

√
2

π

∞∫

0

f̄ (s)(λ) sin λxdλ.

×òîáû ðåøèòü êðàåâóþ çàäà÷ó äëÿ U(x, t) ñ ïîìîùüþ ïðå-
îáðàçîâàíèÿ Ôóðüå ïî ïåðåìåííîé x ïåðåõîäÿò ê çàäà÷å äëÿ
îáðàçà Ôóðüå ýòîé ôóíêöèè, íàõîäÿò ýòîò îáðàç è ñ ïîìîùüþ
îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå âîññòàíàâëèâàþò îðèãèíàë,
ò. å. íàõîäÿò ôóíêöèþ U(x, t) ïî åå îáðàçó Ôóðüå.
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Ïðèìåíÿÿ èíòåãðàëüíûå ïðåîáðàçîâàíèÿ Ôóðüå, ðåøèòü ñëå-
äóþùèå çàäà÷è.

70. Ut = a2Uxx, −∞ < x < +∞; 0 < t < ∞.

U(x, 0) = f(x); −∞ < x < ∞.

71. Ut = a2Uxx + f(x, t), −∞ < x < ∞; 0 < t < ∞;

U(x, 0) = 0, −∞ < t < +∞.

72. Ut = a2Uxx : 0 < x; t < ∞.

U(0, t) = 0; 0 < t < ∞; U(x, 0) = f(x), 0 < x < ∞.

73. Íàéòè ðàñïðåäåëåíèå òåìïåðàòóðû âíóòðè ïîëóáåñêîíå÷-
íîãî ñòåðæíÿ, ðàñïîëîæåííîãî íà ó÷àñòêå ïðÿìîé 0 ≤ x < ∞,

åñëè ëåâûé êîíåö ñòåðæíÿ òåïëîèçîëèðîâàí (ò.å. U ′
x(0, t) = 0)

Íà÷àëüíîå ðàñïðåäåëåíèå òåìïåðàòóðû âíóòðè ñòåðæíÿ çàäà-
íî ðàâåíñòâîì U(x, 0) = f(x), ãäå f(x) - ôóíêöèÿ, àáñîëþòíî
èíòåãðèðóåìàÿ íà ó÷àñòêå (0, +∞).

74. Íàéòè ðàñïðåäåëåíèå òåìïåðàòóðû âíóòðè ïîëóáåñêîíå÷-
íîãî ñòåðæíÿ, ðàñïîëîæåííîãî íà ó÷àñòêå ïðÿìîé 0 ≤ x <∞,

åñëè íà ëåâîì êîíöå ñòåðæíÿ ïîääåðæèâàåòñÿ òåìïåðàòóðà
U(0, t) = ϕ(t), 0 < t < ∞. Íà÷àëüíîå ðàñïðåäåëåíèå òåìïåðàòó-
ðû âíóòðè ñòåðæíÿ çàäàíî ðàâåíñòâîì U(x, 0) = 0, 0 < x < ∞.

75. Ðåøèòü êðàåâóþ çàäà÷ó:

Utt = a2Uxx + f(x, t), −∞ < x < +∞; 0 < t < ∞.

U(x, 0) = 0; Ut(x, 0) = 0; −∞ < x < ∞.
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76. Ðåøèòü êðàåâóþ çàäà÷ó:

Utt = a2Uxx, 0 < x, t < ∞,

U(0, t) = µ(t), 0 < t < ∞; U(x, 0) = Ut(x, 0) = 0, 0 < x < ∞.

77. Íàéòè ðàñïðåäåëåíèå òåìïåðàòóðû â áåñêîíå÷íîì ñòåðæíå,
åñëè â íà÷àëüíûé ìîìåíò òåìïåðàòóðà â ñòåðæíå áûëà ðàñïðå-
äåëåíà ñëåäóþùèì îáðàçîì:

U(x, t)t=0 =





0 | x |> h,

−T −h < x < 0,

T 0 < x < h.

Â ýòîé çàäà÷å è âî âñåõ ïîñëåäóþùèõ òåïëîîáìåí ñâîáîäíûé.
78. Íà÷àëüíîå ðàñïðåäåëåíèå òåìïåðàòóðû âíóòðè áåñêîíå÷-

íîãî ñòåðæíÿ çàäàåòñÿ ôîðìóëîé:

U(x, t)|t=0 = U0e
−x2

l2 ,

ãäå U0 è ` - çàäàííûå ïîñòîÿííûå âåëè÷èíû. Íàéòè çàêîí ðàñ-
ïðåäåëåíèÿ òåìïåðàòóðû âíóòðè ñòåðæíÿ â ëþáîé ìîìåíò âðå-
ìåíè t > 0.

79. Ïîâåðõíîñòü íåîãðàíè÷åííîãî ñòåðæíÿ −∞ < x < +∞
òåïëîèçîëèðîâàíà, íà÷àëüíàÿ òåìïåðàòóðà ðàâíà íóëþ. Â íà-
÷àëüíûé ìîìåíò âðåìåíè â òî÷êå x = ξ ñòåðæíÿ âûäåëèëîñü
ìãíîâåííî Q åäèíèö òåïëà. Íàéòè òåìïåðàòóðó ñòåðæíÿ. (Ïî-
ñòðîåíèå ôóíêöèè èñòî÷íèêà äëÿ óðàâíåíèÿ Ut = a2Uxx íà ïðÿ-
ìîé −∞ < x < +∞.)

80. Ðåøèòü ïðåäûäóùóþ çàäà÷ó äëÿ ñòåðæíÿ, íà ïîâåðõíî-
ñòè êîòîðîãî ïðîèñõîäèò êîíâåêòèâíûé òåïëîîáìåí ñî ñðåäîé,
òåìïåðàòóðà êîòîðîé ðàâíà íóëþ. (Ïîñòðîåíèå ôóíêöèè èñòî÷-
íèêà äëÿ óðàâíåíèÿ Ut = a2Uxx−hU íà ïðÿìîé −∞ < x < +∞.)
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ÎÒÂÅÒÛ È ÓÊÀÇÀÍÈß.

70.
U(x, t) =

1

2a
√

πt

∞∫

−∞
f(ξ)e−

(x−ξ)2

4a2t dξ

Ð å ø å í è å. Óìíîæèì îáå ÷àñòè óðàâíåíèÿ ∂U(ξ,t)
∂t

= a2 ∂2U(ξ,t)
∂ξ2

íà 1√
2π

e−iλξ è ïðîèíòåãðèðóåì ïî ξ îò −∞ äî ∞, ïðåäïîëàãàÿ,
÷òî ôóíêöèÿ U è åå ïðîèçâîäíûå äîñòàòî÷íî áûñòðî ñòðåìÿòñÿ
ê íóëþ ïðè ξ → ±∞. Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷èì:

1√
2π

∞∫

−∞

∂U

∂t
e−iλξdξ =

∂

∂t

1√
2π

∞∫

−∞
Ue−iλξdξ =

dŪ(λ, t)

dt
=

a2 1√
2π

∞∫

−∞

∂2U

∂ξ2
e−iλξdξ = a2 1√

2π

∂U

∂ξ
e−iλξ|ξ=∞ξ=−∞+

+a2 1√
2π

iλUe−iλξ|ξ=∞ξ=−∞ − a2λ2 1√
2π

∞∫

−∞
Ue−iλξdξ =

−a2λ2Ū(λ, t).

Òåì ñàìûì ìû ïîëó÷èëè äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî
ïîðÿäêà äëÿ Ū :

dŪ

dt
+ a2λ2Ū = 0. (1)

Èç ðàâåíñòâà

Ū(λ, t) =
1√
2π

∞∫

−∞
U(ξ, t)e−iλξdξ
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ïðè t = 0 ïîëó÷èì íà÷àëüíîå óñëîâèå äëÿ Ū :

Ū(λ, 0) =
1√
2π

∞∫

−∞
U(ξ, 0)e−iλξdξ =

1√
2π

∞∫

−∞
f(ξ)e−iλξdξ = f̄(λ).

Ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1) ñ ó÷åòîì íà÷àëüíî-
ãî óñëîâèÿ èìååò âèä:

Ū(λ, t) = f̄(λ)e−a2λ2t.

Ïðèìåíåíèå îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå äàåò:

U(x, t) =
1√
2π

∞∫

−∞
Ū(λ, t)eiλxdλ =

1√
2π

∞∫

−∞
f̄(λ)e−a2λ2teiλxdλ =

=
1

2π

∞∫

−∞
f(ξ)dξ

∞∫

−∞
e−a2λ2teiλ(x−ξ)dλ =

=
1

π

∞∫

∞
f(ξ)dξ

∞∫

0

e−a2λ2t cos λ(x− ξ)dλ =
1

2a
√

πt

∞∫

−∞
f(ξ)e−

(x−ξ)2

4a2t dξ.

Ïðè èíòåãðèðîâàíèè èñïîëüçîâàëàñü ôîðìóëà:
∞∫

0

e−α2λ2

cos βλdλ =

√
π

2α
e−

β2

4α2 ,

äîêàçûâàåìàÿ äèôôåðåíöèðîâàíèåì ïî ïàðàìåòðó.
71.

U(x, t) =
1

2a
√

π

t∫

0

dτ

∞∫

−∞
f(ξ, τ)

e
− (x−ξ)2

4a2(t−τ)

√
t− τ

dξ.

72.
U(x, t) =

1

2a
√

πt

∞∫

0

f(ξ)
[
e−

(x−ξ)2

4a2t − e−
(x+ξ)2

4a2t

]
dξ.
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Ð å ø å í è å. Óìíîæèì îáå ÷àñòè óðàâíåíèÿ ∂U(ξ,t)
∂t

= a2 ∂2U(ξ,t)
∂ξ2

íà
√

2
π

sin λξ. Èíòåãðèðóÿ ïî ξ îò 0 äî ∞, ïîëó÷èì äëÿ ñèíóñ-
îáðàçà Ôóðüå ôóíêöèè U(x, t) äèôôåðåíöèàëüíîå óðàâíåíèå

dŪ (s)(λ, t)

dt
+ a2λ2Ū (s)(λ, t) = 0,

ãäå Ū (s)(λ, t)-ôóðüå îáðàç ôóíêöèè U(x, t), îïðåäåëÿåìûé êàê

Ū (s)(λ, t) =

√
2

π

∞∫

0

U(ξ, t) sin λξdξ

Íà÷àëüíîå óñëîâèå äëÿ Ū (s)(λ, t) ïîëó÷àåì èç îïðåäåëåíèÿ ïðè
t = 0:

Ū (s)(λ, 0) =

√
2

π

∞∫

0

U(ξ, 0) sin λξdξ =

=

√
2

π

∞∫

0

f(ξ) sin λξdξ = f̄ (s)(λ).

Ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ äëÿ Ôóðüå-îáðàçà ïðè
ýòèõ íà÷àëüíûõ óñëîâèÿõ èìååò âèä:

Ū (s)(λ, t) = f̄ (s)(λ)e−a2λ2t

Ïðèìåíÿÿ ê íåìó îáðàòíîå ñèíóñ-ïðåîáðàçîâàíèå Ôóðüå, ïîëó-
÷èì:

U(x, t) =

√
2

π

∞∫

0

Ū (s)(λ, t) sin λxdλ =

=
2

π

∞∫

0

f(ξ)dξ

∞∫

0

e−a2λ2t sin λξ sin λxdλ =
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=
1

π

∞∫

0

f(ξ)dξ

∞∫

0

e−a2λ2t[cos λ(x− ξ)− cos λ(x + ξ)]dλ =

=
1

2a
√

πt

∞∫

0

f(ξ)
[
e−

(x−ξ)2

4a2t − e−
(x+ξ)2

4a2t

]
dξ.

73.
U(x, t) =

1

2a
√

πt

∞∫

0

f(ξ)
[
e−

(x−ξ)2

4a2t + e−
(x+ξ)2

4a2t

]
.

74.

U(x, t) =
x

2a
√

π

t∫

0

e
− x2

4a2(t−τ)

(t− τ)
3
2

ϕ(τ)dτ.

75.

U (x, t) =
1

2a

t∫

0

dτ

x−a(t+τ)∫

x−a(t−τ)

f(ξ, τ)dξ.

76.

U(x, t) =
2a

π

∞∫

0

dλ

l∫

0

µ(τ) sin λx sin aλ(t− τ)dτ.

Ó ê à ç à í è å. Ïðèìåíèòü ñèíóñ - ïðåîáðàçîâàíèå Ôóðüå.
77. U (x, t) = T

2a
√

πt

[
−

0∫
−h

e−
(τ−x)2

4a2t dτ +
h∫
0

e−
(τ−x)2

4a2t dτ

]
.

78. U(x, t) = U0

2a
√

π

∞∫
−∞

e−
τ2

l2 e−
(τ−x)2

4a2t .

79. U(x, t) = Q
cρσ

G(x, ξ, t), ãäå G(x, ξ, t) = 1
a
√

πt
e−

(x−ξ)2

4a2t .

Ó ê à ç à í è å. Ìîæíî ïðåäïîëîæèòü, ÷òî êîëè÷åñòâà òåïëà
Q, ìãíîâåííî âûäåëåâøååñÿ â òî÷êå ξ â ìîìåíò t, ìãíîâåííî æå
ðàâíîìåðíî ðàñïðåäåëÿåòñÿ ïî ìàëîìó èíòåðâàëó (ξ − δ, ξ + δ),

52



òîãäà íà÷àëüíàÿ òåìïåðàòóðà ñòåðæíÿ áóäåò ðàâíà

U(x, 0) = fδ (x) =





0 −∞ < x < ξ − δ ,
Q

2δcρσ
ξ − δ < x < ξ + δ ,

0 ξ + δ < x < ∞ .

Ðåøèì çàäà÷ó ìåòîäîì èíòåãðàëüíûõ ïðåîáðàçîâàíèé. Èñïîëü-
çóÿ ôîðìóëó îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå

U(x, t) =
1√
2π

∞∫

−∞
Ū(ξ, t)eiλξdλ =

=
1√
2π

∞∫

−∞
fδ(ξ)dξ

∞∫

−∞
e−a2λ2teiλ(x−ξ)dλ =

=
1

π

∞∫

∞
fδ(ξ)dξ

∞∫

−∞
e−a2λ2t cos λ(x− ξ)dλ =

=
1

2a
√

πt

∞∫

−∞
fδ(ξ)e

− (x−ξ)2

4a2t dξ,

è, ïåðåõîäÿ â ïîëó÷åííîì ðåçóëüòàòå ê ïðåäåëó δ → 0, ïîëó÷èì
îòâåò.
80.

U(x, t) =
Q

cρσ
G(x, ξ, t− τ),

ãäå G(x, ξ, t) = e−ht

2a
√

πt
e−

(x−ξ)2

4a2t - åñòü ôóíêöèÿ èñòî÷íèêà äëÿ
óðàâíåíèÿ

∂U

∂t
= a2∂2U

∂x2
− hU

â ñëó÷àå íåîãðàíè÷åííîé ïðÿìîé.
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�9. Ñïåöèàëüíûå ôóíêöèè.

Ðåøåíèåì óðàâíåíèÿ Áåññåëÿ

d2y

dx2
+

1

x

dy

dx
+ (1− ν2

x2
)y = 0,

ãäå ν - ëþáîå âåùåñòâåííîå ÷èñëî, ÿâëÿåòñÿ ôóíêöèÿ Áåññåëÿ
èíäåêñà ν :

J±ν(x) =
∞∑

k=0

(−1)k 1

Γ(k ± ν + 1)k!

(
x

2

)2k±ν

.

Â ýòîé ôîðìóëå ïðåäïîëàãàåòñÿ, ÷òî ν > 0.

Äëÿ ôóíêöèé Áåññåëÿ èìåþò ìåñòî ñëåäóþùèå ôîðìóëû
äèôôåðåíöèðîâàíèÿ:

νJν(x)

x
− J ′ν(x) = Jν+1(x), (1)

νJν(x)

x
+ J ′ν(x) = Jν−1(x). (2)

Â ÷àñòíîñòè, ïðè ν = 0 äëÿ ôîðìóëû (1) è ïðè ν = 1 äëÿ
ôîðìóëû (2), ïîëó÷èì:

dJ0(x)

dx
= −J1(x);

d[xJ1(x)]

dx
= x · J0(x).

Âû÷èòàÿ ôîðìóëó (2) èç ôîðìóëû (1), ïîëó÷èì ðåêóððåíòíîå
ñîîòíîøåíèå, ïîçâîëÿþùåå âûðàçèòü êàæäóþ ñëåäóþùóþ ôóíê-
öèþ Áåññåëÿ ÷åðåç äâå ïðåäûäóùèå:

Jν+1(x) =
2ν

x
Jν(x)− Jν−1(x).
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Ôóíêöèè Áåññåëÿ îáëàäàþò ñâîéñòâîì îðòîãîíàëüíîñòè ñ âåñî-
âîé ôóíêöèåé γ(x) = x :

x0∫

0

Jn

(
µ(n)

m

x0

x

)
Jn


µ

(n)
k

x0

x


 xdx = δkm

x2
0

2

[
J ′n(µ(n)

m )
]2

,

ãäå µ
(n)
k - k - é ïîëîæèòåëüíûé êîðåíü ôóíêöèè Jn(x).

Óðàâíåíèå Ëåæàíäðà íóëåâîãî ïîðÿäêà èìååò âèä:

y′′(1− x2)− 2xy′ + m(m + 1)y = 0.

Îãðàíè÷åííîå íà èíòåðâàëå (−1, 1) ðåøåíèå ym óðàâíåíèÿ Ëå-
æàíäðà, óäîâëåòâîðÿþùåå äîïîëíèòåëüíîìó óñëîâèþ y(1) = 1,
íàçûâàåòñÿ ïîëèíîìîì Ëåæàíäðà ñòåïåíè m: ym = Pm(x). Ïî-
ëèíîì Ëåæàíäðà îäíîçíà÷íî îïðåäåëÿåòñÿ ýòèìè óñëîâèÿìè; îí
ðàâåí

Pm(x) =
1

m!2m
· dm

dxm
(x2 − 1)m.

Ýòà äèôôåðåíöèàëüíàÿ ôîðìóëà äëÿ ïîëèíîìîâ Ëåæàíäðà íà-
çûâàåòñÿ ôîðìóëîé Ðîäðèãà.

Äâà ðàçëè÷íûõ ïîëèíîìà Ëåæàíäðà îðòîãîíàëüíû äðóã äðó-
ãó íà èíòåðâàëå (−1, 1) ñ âåñîâîé ôóíêöèåé ρ(x) = 1 :

1∫

−1

Pi(x)Pk(x)dx = 0

ïðè i 6= k. Ïðè i = k èìååò ìåñòî ðàâåíñòâî
1∫

−1

[Pk(x)]2 dx =
2

2k + 1
.
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Óðàâíåíèå Ëåæàíäðà n-ãî ïîðÿäêà

y′′
(
1− x2

)
− 2xy′ + y

(
m(m + 1)− n2

1− x2

)
= 0,

èìååò ñâîèì ðåøåíèåì ôóíêöèþ

ym(x) =
(
1− x2

)n
2 · [Pm (x)](n) ,

ãäå Pm(x) - ïîëèíîì Ëåæàíäðà ñòåïåíè m. Ýòà ôóíêöèÿ íà-
çûâàåòñÿ ïðèñîåäèí¼ííîé ôóíêöèåé Ëåæàíäðà è îáîçíà÷àåòñÿ
ym = P n

m(x).

Äëÿ ôèêñèðîâàííîãî n èìåþò ìåñòî ðàâåíñòâà:
1∫

−1

P n
i (x)P n

k (x)dx = 0 (i 6= k);

1∫

−1

[P n
k (x)]2dx =

2(k + n)!

(2k + 1)(k − n)!
.

Óðàâíåíèå, ïðîâîäÿùååñÿ ê óðàâíåíèþ Ëåæàíäðà

T ′′
θθ + T ′

θ · ctgθ + (λ− n2

sin2 θ
)T = 0,

ãäå n - öåëîå è íåîòðèöàòåëüíîå, ñ ãðàíè÷íûìè óñëîâèÿìè - T (θ)

îãðàíè÷åíà ïðè θ → +0 è ïðè θ → −0, - èìååò íåòðèâèàëüûå
ðåøåíèÿ òîëüêî ïðè λ = m(m + 1) (m - öåëîå íåîòðèöàòåëüíîå
÷èñëî). Ýòè íåòðèâèàëüíûå ðåøåíèÿ èìåþò ñëåäóþùèé âèä:

Tm(θ) = Pm
n (cos θ),

ãäå Pm
n -ïðèñîåäèíåííàÿ ôóíêöèÿ Ëåæàíäðà (èëè, ïðè n = 0, -

ïîëèíîì Ëåæàíäðà).
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Ôóíêöèè Pm
n (cos θ) ïðè ôèêñèðîâàííîì n îðòîãîíàëüíû äðóã

äðóãó íà èíòåðâàëå (0, π) ñ âåñîì sin θ :

π∫

0

P n
i (cos θ)P n

k (cos θ) sin θdθ = 0, (i 6= k);

π∫

0

[P n
k (cos θ)]2 sin θdθ =

2(k + n)!

(2k + 1)(k − n)!
.

81. Îïðåäåëèòü îáëàñòè ñõîäèìîñòè ðÿäîâ:

(a) Jν(x) =
∞∑

k=0

(−1)k

(
x
2

)ν+2k

Γ(k + 1)Γ (k + ν + 1)
;

(b) Nν(x) =
Jν(x) cos πν − J−ν(x)

sin πν
.

82. Äîêàçàòü: J−n (x) = (−1)n Jn(x).

83. Âû÷èñëèòü J 1
2
(x) .

84. Âû÷èñëèòü J− 1
2
(x) .

85. Äîêàçàòü: d
dx

[
Jν(x)

xν

]
= −Jν+1(x)

xν .

86. Äîêàçàòü: J ′0 (x) = −J1(x).

87. Äîêàçàòü: d
dx

[xνJν(x)] = xνJν−1(x).

88. Äîêàçàòü: d
dx

[xJ1(x)] = xJ0(x).

89. Âû÷èñëèòü: J 3
2
(x) .

90. Âû÷èñëèòü: J 5
2
(x) .

91. Âû÷èñëèòü : N− 1
2
(x) .

92. Âû÷èñëèòü J0(0), Jn(0), J ′0(0), J ′n(0).

93. Èñïîëüçóÿ ðåêóðåíòíûå ñîîòíîøåíèÿ, âûðàçèòü:
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à) J2(x) ÷åðåç J0(x) è J1(x);

â) J3(x) ÷åðåç J1(x) è J2(x);

ñ) J4(x) ÷åðåç J2(x) è J1(x).

94. Ïîêàçàòü, ÷òî
à) J2(x) = J ′′0 (x)− 1

x
J ′0(x),

â) J2(x)− J0(x) = 2J ′′0 (x).

95. Äîêàçàòü, ÷òî ôóíêöèè sin x√
x

è cos x√
x

óäîâëåòâîðÿþò óðàâ-
íåíèþ Áåññåëÿ c ν = 1

2
:

y′′ +
1

x
y′ +

(
1− 1

4x2

)
y = 0.

96. Ðåøèòü óðàâíåíèå:

y′′ +
1

x
y′ +

(
α2 − n2

x2

)
y = 0, (n = 0, 1, 2...).

97. Ðåøèòü óðàâíåíèå:

x2y′′ + xy′ +
(
4x2 − 1

9

)
y = 0.

98. Ðåøèòü óðàâíåíèå:

y′′ +
3

x
y′ + 4y = 0.

99. Ðåøèòü óðàâíåíèå:

y′′ +
5

x
y′ + y = 0.

100. Ðàçëîæèòü ôóíêöèþ f(x) = 1 â ðÿä ïî ôóíêöèÿì Áåñ-
ñåëÿ íóëåâîãî ïîðÿäêà íà èíòåðâàëå x ∈ [0, l] .

101. Ðàçëîæèòüf(x) = x2 â ðÿä ïî ôóíêöèÿì Áåññåëÿ âòîðî-
ãî ïîðÿäêà íà èíòåðâàëå x ∈ [0, l] .
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102. Ðàçëîæèòü â ðÿä ïî ôóíêöèÿì Áåññåëÿ âòîðîãî ïîðÿäêà
íà èíòåðâàëå x ∈ [0, 1] ôóíêöèþ

f(x) =

{
1 0 < x < 1/2,

0 1/2 < x < 1.

103. Ðàçëîæèòüf(x) = x3 â ðÿä ïî ôóíêöèÿì Áåññåëÿ òðå-
òüåãî ïîðÿäêà íà èíòåðâàëå x ∈ [0, 2] .

104. Äîêàçàòü: P0(x) = 1

105. Âû÷èñëèòü: P0(x), P1(x), P2(x)

106. Äîêàçàòü, ÷òî
1∫
−1

xPm(x)dx = 0 ïðè m 6= 1.

107. Ðàçëîæèòü â ðÿä Ôóðüå ïî ïîëèíîìàì Ëåæàíäðà íà
èíòåðâàëå ( -1 , 1 ) ôóíêöèþ f(x) = x2 − x + 1.

108. Ðàçëîæèòü â ðÿä Ôóðüå ïî ïîëèíîìàì Ëåæàíäðà íà
èíòåðâàëå ( -1 , 1 ) ôóíêöèþ

f(x) =

{
+1 x > 0,

−1 x < 0.

109. Ðàçëîæèòü â ðÿä Ôóðüå ïî ïîëèíîìàì Ëåæàíäðà íà
èíòåðâàëå ( -1 , 1 ) ôóíêöèþ f(x) = |x| .

110. Íàéòè íåñêîëüêî ïåðâûõ êîýôôèöèåíòîâ ðÿäà Ôóðüå ïî
ïðèñîåäèí¼ííûì ïîëèíîìàì Ëåæàíäðà âòîðîãî ðîäà íà èíòåð-
âàëå ( -1 , 1 ) äëÿ ôóíêöèè

f(x) =

{
+1 x > 0,

−1 x < 0.

111. Ðàçëîæèòü ôóíêöèþ f(θ) = | cos θ| íà ó÷àñòêå
0 < θ < π ïî îðòîãîíàëüíîé ñèñòåìå {Pn(cos θ)}, ( âû÷èñëèòü
íåñêîëüêî ïåðâûõ ÷ëåíîâ ðàçëîæåíèÿ).
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112. Ðàçëîæèòü ôóíêöèþ f(θ) = sin2 θ íà ó÷àñòêå 0 < θ < π

ïî îðòîãîíàëüíîé ñèñòåìå {Pn(cos θ)} .

113. Ôóíêöèÿ P n
m = (1− x2)

n
2 · [Pm(x)](n), ( ãäå Pm(x)− ïîëè-

íîì Ëåæàíäðà ñòåïåíè m ) íàçûâàåòñÿ ïðèñîåäèí¼ííîé ôóíê-
öèåé Ëåæàíäðà.

Âû÷èñëèòü: P 1
1 (x), P 1

2 (x), P 1
3 (x), P 2

2 (x), P 2
3 (x), P 2

4 (x).

ÎÒÂÅÒÛ È ÓÊÀÇÀÍÈß.

83.J 1
2
(x) =

√
2

πx
sin x.

84. J− 1
2

=
√

2
πx

cos x.

89. J 3
2
(x) =

√
2

πx
( sin x

x
− cos x)

90 J 5
2
(x) =

√
2

πx

(
3 sin x

x2 − 3 cos x
x
− sin x

)
.

91. N− 1
2
(x) =

√
2

πx
sin x

92. 1; 0; 0; 0.

93. a)J1(x) = 2
x
J1(x)− J0(x); b)J3(x) = 4

x
J2(x)− J1(x);

c)J4(x) = 24−x2

x2 J2(x)− 6
x
J1(x).

96. y(x) = C1Jn(αx) + C2Nn(αx).

97. y(x) = C1J 1
3
(2x) + C2J− 1

3
(2x).

98. y(x) = 1
x

[C1J1(2x) + C2N1(2x)].
Ó ê à ç à í è å. Ñäåëàòü çàìåíó y = z

x
.

99. y(x) = 1
x2 (C1J2(x) + C2N2(x)).

100.
1 = 2

∞∑

k=1

1

µ
(0)
k J1

(
µ

(0)
k

)J0


µ

(0)
k x

l


.

101.
x2 = 2l2

∞∑

k=1

1

µ
(2)
k J3

(
µ

(2)
k

)J2


µ

(2)
k x

l


.

60



102. f =
∑

ckJ0(x), ãäå

ck =
J0

(
µ

(0)
k /2

)

µ
(0)
k

(
J1

(
µ

(0)
k

))2 .

103.
x3 = 16

∞∑

k=1

1

µ
(3)
k J4

(
µ

(3)
k

)J3

(
µ

(3)
k x

)
.

105. 1; x; 1
2
(3x2 − 1).

107. Èñêîìîå ðàçëîæåíèå èìååò âèä:

x2 − x + 1 =
4

3
P0(x)− P1(x) +

2

3
P2(x).

Îñòàëüíûå êîýôôèöèåíòû ðÿäà Ôóðüå - Ëåæàíäðà ðàâíû íóëþ,
òàê êàê âñå ïîëèíîìû Ëåæàíäðà Pn ïðè n > 2 îðòîãîíàëüíû
ìíîãî÷ëåíó x2 − x + 1.

108. Èñêîìîå ðàçëîæåíèå èìååò âèä:

f(x) =
3

2
P1(x)− 7

8
P3(x) +

9

16
P5(x)− ...

[íà èíòåðâàëå ( - 1, 1 )].
109. Èñêîìîå ðàçëîæåíèå èìååò âèä:

|x| = 1

2
P0(x) +

5

8
P2(x)− 3

16
P4(x) + ...

[íà èíòåðâàëå ( - 1, 1 )].
110. Èñêîìîå ðàçëîæåíèå èìååò âèä:

f(x) =
7

32
P 2

3 (x) +
11

48
P 2

5 (x) + ...

[íà èíòåðâàëå ( - 1, 1 )].
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111.Èñêîìîå ðàçëîæåíèå èìååò âèä:

|cos θ| = 1

2
P0(cos θ) +

5

8
P2(cos θ)− 3

16
P4(cos θ) + ...

[íà èíòåðâàëå (0, π)].
112. Èñêîìîå ðàçëîæåíèå èìååò âèä:

sin2 θ =
2

3
P0(cos θ)− 2

3
P2(cos θ).

Âñå îñòàëüíûå êîýôôèöèåíòû ðàâíû íóëþ.
113.

P 1
1 (x) = (1− x2)

1
2 ; P 1

2 (x) = (1− x2)
1
2 · 3x;

P 1
3 (x) = (1− x2)

1
2 · (15

2
x2 − 3

2
); P 2

2 (x) = (1− x2) · 3;

P 2
3 (x) = (1− x2) · 15x; P 2

4 (x) = (1− x2) · (105

2
x2 − 15

2
).

�10. Óðàâíåíèÿ êîëåáàíèé, ïðèâîäÿùèå ê óðàâíåíèþ
Áåññåëÿ.

114. Íàéòè ñîáñòâåííûå êîëåáàíèÿ îäíîðîäíîé êðóãëîé ìåì-
áðàíû ðàäèóñà R, çàêðåïëåííîé ïî êðàÿì, åñëè â íà÷àëüíûé
ìîìåíò îíà ïðåäñòàâëÿåò ïîâåðõíîñòü ïàðàáîëîèäà âðàùåíèÿ,
à íà÷àëüíûå ñêîðîñòè ðàâíû íóëþ.

115. Íàéòè çàêîí ñâîáîäíûõ êîëåáàíèé êðóãëîé ìåìáðàíû
ðàäèóñà `, åñëè â íà÷àëüíûé ìîìåíò îòêëîíåíèå â êàæäîé òî÷êå
îïðåäåëèëîñü ðàâåíñòâîì:

U(r, ϕ, t)|t=0 =
`

100
J0(

µ1r

`
),
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ãäå µ1 ïåðâûé ïîëîæèòåëüíûé êîðåíü áåññåëåâîé ôóíêöèè J0.

Íà÷àëüíàÿ ñêîðîñòü ðàâíà íóëþ. Âäîëü êîíòóðà ìåìáðàíà çà-
êðåïëåíà.

116. Íàéòè çàêîí ñâîáîäíûõ êîëåáàíèé êðóãëîé ìåìáðàíû
ðàäèóñà `, çàêðåïëåííîé âäîëü êîíòóðà, åñëè âñå òî÷êè ìåì-
áðàíû â íà÷àëüíûé ìîìåíò ïîëó÷èëè ñêîðîñòü, ðàâíóþ a · c
( c - çàäàííàÿ áåçðàçìåðíàÿ âåëè÷èíà, a - ïîñòîÿííàÿ, ôèãóðè-
ðóþùàÿ â óðàâíåíèè êîëåáàíèÿ ìåìáðàíû). Íà÷àëüíîå îòêëî-
íåíèå ðàâíî íóëþ.

117. Èçó÷èòü ñâîáîäíûå ðàäèàëüíûå êîëåáàíèÿ êðóãëîé ìåì-
áðàíû, çàêðåïëåííîé ïî êîíòóðó, êîëåáëþùåéñÿ â ñðåäå, ñîïðî-
òèâëåíèå êîòîðîé ïðîïîðöèîíàëüíî ïåðâîé ñòåïåíè ñêîðîñòè.

118. Êðóãëàÿ îäíîðîäíàÿ ìåìáðàíà ðàäèóñà R, çàêðåïëåí-
íàÿ íà êðàþ, íàõîäèòñÿ â ñîñòîÿíèè ðàâíîâåñèÿ ïðè íàòÿæåíèè
T . Â ìîìåíò âðåìåíè t = 0 ê ìåìáðàíå ïðèëîæåíî íîðìàëüíîå
äàâëåíèå P íà åäèíèöó ïëîùàäè. Ïîêàçàòü, ÷òî êîëåáàíèå òî-
÷åê ìåìáðàíû îïðåäåëèòñÿ âûðàæåíèåì:

U(r, t) =
P

T


1

4
(R2 − r2)− 2R2

∞∑

k=1

J0(µ
(0)
k

r
R
)

µ3
kJ1(µ

(0)
k )

cos
aµkt

R


 ,

ãäå µ1, µ2, µ3- ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0.

119. Êðóãëàÿ îäíîðîäíàÿ ìåìáðàíà ðàäèóñà R, çàêðåïëåííàÿ
ïî êîíòóðó, íàõîäèòñÿ â ñîñòîÿíèè ðàâíîâåñèÿ ïðè íàòÿæåíèè
T . Â ìîìåíò âðåìåíè t = 0 ê ïîâåðõíîñòè ìåìáðàíû ïðèëîæå-
íà ðàâíîìåðíî ðàñïðåäåëåííàÿ íàãðóçêà f = P0 sin ωt. Íàéòè
ðàäèàëüíûå êîëåáàíèÿ ìåìáðàíû.
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120. Ðåøèòü ñìåøàííûå çàäà÷è :

4Utt = Urr +
1

r
Ur − 1

r2
U + J1

(
µ1r

3

)
sin (µ1t)

ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè:

U(r, 0) = J1

(
µ1r

3

)
− J1

(
µ2r

3

)
, Ut (r, 0) = 0,

|U (0, t)| < ∞, U (3, t) = 0.

121.

9Utt = Urr +
1

r
Ur − 1

r2
U + J3(µ2r)Cos(µ2t)

ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè:

U(r, 0) = 0, Ut(r, 0) = µ1J3(µ1r) + µ2J3(µ2r),

|U(0, T )| < ∞, U(1, 0) = 0,

ãäå µ1 è µ2 - ðàçëè÷íûå ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ

J3(µ) = 0.

ÎÒÂÅÒÛ È ÓÊÀÇÀÍÈß.

114.

U(r, t) = 8A
∞∑

n=1

Jo

(
µn

r
R

)

µ3
nJ1 (µn)

cos
aµnt

R
,

ãäå µ1, ν2, µ3, ... - ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0.

Ó ê à ç à í è å. Ïðèìåíèòü ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ê
èíòåãðèðîâàíèþ óðàâíåíèÿ

∂2U

∂2r
+

1

r

∂U

∂r
=

1

a2

∂2U

∂2t

64



ïðè óñëîâèè, ÷òî U(0, t) ðàâíî êîíå÷íîé âåëè÷èíå, U(R, t) = 0,
U(r, 0) = A

(
1− r2

R2

)
, ãäå A - const, ∂U(r,0)

∂t
= 0.

Ïðè íàõîæäåíèè êîýôôèöèåíòîâ ðàçëîæåíèÿ èñïîëüçîâàòü
ñëåäóþùèå ôîðìóëû:
x∫

0

xJ0(x)dx = xJ1(x),

x∫

0

x3J0(x)dx = 2x2J0(x) + (x3 − 4x)J1(x).

115. U(r, ϕ, t) = l
100

cos
aµ

(0)
1 t

l
J0

(
µ

(0)
1 r

l

)
,

ãäå µ
(0)
1 - åñòü ïåðâûé ïîëîæèòåëüíûé êîðåíü áåññåëåâîé ôóíê-

öèè J0.

116. U(r, ϕ, t) =
∞∑

k=1

2cl

[µ
(0)
k

]2J1(µ
(0)
k

)
sin

aµ
(0)
k

t

l
J0

(
µ

(0)
k

r

l

)
,

ãäå µ
(0)
1 - åñòü 1-ûé ïîëîæèòåëüíûé êîðåíü áåññåëåâîé ôóíêöèè

J0.

117. U(r, t) = 2
R2

∞∑
n=1

e−ht
(
cos qnt + h

qn
sin qnt

)
×

×
Jo

(
µn

r
R

)

J2
0 (µn)

R∫

0

ρφ(ρ)Jo

(
µn

ρ

R

)
dρ,

ãäå qn =
√

a2µ2
n

R2 , à µ1, µ2, µ3, ... - åñòü ïîëîæèòåëüíûå êîðíè áåñ-
ñåëåâîé ôóíêöèè J0.

118. Ó ê à ç à í è å. Çàäà÷à ïðèâîäèòñÿ ê èíòåãðèðîâàíèþ óðàâ-
íåíèÿ

∂2U

∂2r
+

1

r

∂U

∂r
− 1

a2

∂2U

∂2t
= −P

T

ïðè óñëîâèè, ÷òî U(0, t) ðàâíî êîíå÷íîé âåëè÷èíå, à

U(R, t) = 0, U(r, 0) = 0,
∂U(r, 0)

∂r
= 0.
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119. U(r, t) = a2P0

Tω2

[
J0(ω r

a)
J0(ω R

a )
− 1

]
sin ωt −

− 2aP0ωR3

T

∞∑

n=1

sin µnat
R

J0

(
µnr
R

)

µ2
n (ω2R2 − a2µ2

n) J ′0(µn)
.

120. Ð å ø å í è å. Ðåøåíèå óðàâíåíèÿ êîëåáàíèé ñ âíåøíåé
ñèëîé èùåì â âèäå ðàçëîæåíèÿ â ðÿä ïî ñîáñòâåííûì ôóíêöèÿì
êðàåâîé çàäà÷è

R′′(r) +
1

r
R′(r)− 1

r2
R(r) = λR(r)

ñ ãðàíè÷íûìè óñëîâèÿìè: |R(0)| < ∞, R(3) = 0. Ýòî óðàâ-
íåíèå èìååò ðåøåíèÿ, óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì
òîëüêî ïðè îòðèöàòåëüíûõ çíà÷åíèÿõ êîíñòàíòû ðàçäåëåíèÿ:
λ = −m2 è óðàâíåíèå äëÿ ñîáñòâåííûõ ôóíêöèé ïðèíèìàåò
âèä:

R′′(r) +
1

r
R′(r)− 1

r2
R(r) = −m2R(r).

Çàìåíîé r = mx îíî ïðèâîäèòñÿ ê óðàâíåíèþ Áåññåëÿ

R′′(x) +
1

x
R′(x) + (1− 1

x2
)R(x) = 0

ðåøåíèå êîòîðîãî èìååò âèä: R(x) = C1J1(x) + C2N1(x).

Êîíñòàíòó C2 íóæíî ïîëîæèòü ðàâíîé íóëþ, òàê êàê N1(x) íå
îãðàíè÷åíà ïðè x = 0. Ãðàíè÷íîå óñëîâèå R(x) = R(mr)|r=3 = 0

äàåò: 3m = µ1, µ2, ..., ãäå J1(µk) = 0 è êîíñòàíòà ðàçäåëåíèÿ
ðàâíà m = µk

3
. Ðåøåíèå èñõîäíîãî óðàâíåíèÿ èùåì â âèäå

U(r, t) = Tk(t)J1(
µkr

3
)
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Ðàñêëàäûâàÿ â ðÿä âûíóæäàþùóþ ñèëó

J1(
µkr

3
) sin

µ1r

3
=

∞∑

k=1

fk(t)J1(
µkr

3
)

(êîýôôèöèåíòû fk(t) ëåãêî îïðåäåëÿþòñÿ è ðàâíû fk(t) = δk,1 sin µ1t)
è ïîäñòàâëÿÿ âìåñòå c U(r, t) â èñõîäíîå óðàâíåíèå, ïîëó÷èì

4
∞∑

k=1

Tk(t)J1(
µkr

3
) =

=
∞∑

k=1

Tk(t)J1(
µkr

3
)
(
J ′′1 (

µkr

3
) +

1

r
J ′1(

µkr

3
)− 1

r2
J1(

µkr

3
)
)

+fk(t)J1(
µkr

3
)

Èñïîëüçóÿ óðàâíåíèå Áåññåëÿ äëÿ ôóíêöèè J1(
µkr
3

) âûðàæå-
íèå â êðóãëûõ ñêîáêàõ â ïðàâîé ÷àñòè ïîñëåäíåãî óðàâíåíèÿ
çàìåíèì íà −m2J1(

µkr
3

), ò.å.
(
J ′′1 (

µkr

3
) +

1

r
J ′1(

µkr

3
)− 1

r2
J1(

µkr

3
)
)

= −(
µkr

3
)2J1(

µkr

3
)

è ïðèðàâíèâàÿ íóëþ êîýôôèöèåíòû ïðè ôóíêöèÿõ Áåññåëÿ ñ
îäèíàêîâûìè çíà÷åíèÿìè µk, ïîëó÷èì óðàíåíèå äëÿ îïðåäåëå-
íèÿ Tk(t):

4T ′′
k (t) + (

µk

3
)2Tk(t) = fk(t),

ðåøåíèå êîòîðîãî èìååò âèä:

T1(t) = α1 sin
µ1t

6
+ β1 cos

µ1t

6
− 9

35µ2
1

sin µ1t,

Tk(t) = αk sin
µkt

6
+ βk cos

µkt

6
.
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Îïðåäåëÿÿ èç íà÷àëüíûõ óñëîâèé αk, βk ïîëó÷èì: β1 = 1,

β2 = −1, αk = 0 (k > 1), α1 = 54
35µ2

1
| . Ïîäñòàâëÿÿ ýòè çíà÷å-

íèÿ, ïîëó÷èì îêîí÷àòåëüíî:

U(r, t) = J1(
µ1r

3
)[cos

µ1t

6
+

1

35µ2
1

(54 sin
µ1t

6
− sin µ1t)]−

−J1(
µ2r

3
) cos

µ2t

6
.

121. U(r, t) = 3J3(µ1r) sin µ1

3
t + J3(µ2r)[3 sin µ2

3
t+

+
1

8µ2
2

(cos
µ2

3
t− cos µ2t)].

�11. Óðàâíåíèÿ òåïëîïðîâîäíîñòè, ïðèâîäÿùèå ê
óðàâíåíèþ Áåññåëÿ.

122. Íàéòè çàêîí îñòûâàíèÿ áåñêîíå÷íîãî öèëèíäðà ðàäèóñà
`, åñëè â íà÷àëüíûé ìîìåíò òåìïåðàòóðà âñåõ åãî âíóòðåííèõ
òî÷åê ðàâíà A0, à íà åãî ïîâåðõíîñòè ïîääåðæèâàåòñÿ ïîñòîÿí-
íàÿ òåìïåðàòóðà 00.

123. Èññëåäîâàòü ðàäèàëüíîå ðàñïðåäåëåíèå òåïëà â áåñêî-
íå÷íîì êðóãîâîì öèëèíäðå ðàäèóñà R, áîêîâàÿ ïîâåðõíîñòü êî-
òîðîãî ïîääåðæèâàåòñÿ ïðè ïîñòîÿííîé òåìïåðàòóðå U0. Íà-
÷àëüíàÿ òåìïåðàòóðà âíóòðè öèëèíäðà ðàâíà íóëþ.

124. Íàéòè çàêîí îñòûâàíèÿ áåñêîíå÷íîãî öèëèíäðà ðàäèó-
ñà `, åñëè â íà÷àëüíûé ìîìåíò òåìïåðàòóðà âíóòðè öèëèíäðà
îïðåäåëÿëàñü ïî ôîðìóëå: U(r, ϕ, `)|t=0 = U0J0(

µ
(0)
1 r

`
), ãäå µ1 -

ïåðâûé ïîëîæèòåëüíûé êîðåíü áåññåëåâîé ôóíêöèè J0. Íà ïî-
âåðõíîñòè öèëèíäðà ïîääåðæèâàåòñÿ âñå âðåìÿ ïîñòîÿííàÿ òåì-
ïåðàòóðà, ðàâíàÿ 00.
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125. Äàí íåîãðàíè÷åííûé öèëèíäð ðàäèóñà R, íà÷àëüíàÿ
òåìïåðàòóðà êîòîðîãî ðàâíà f(r). Ñ áîêîâîé ïîâåðõíîñòè öè-
ëèíäðà ïðîèñõîäèò ëó÷åèñïóñêàíèå òåïëà â îêðóæàþùóþ ñðåäó,
òåìïåðàòóðà êîòîðîé ñ÷èòàåòñÿ ðàâíîé íóëþ. Íàéòè ðàñïðåäå-
ëåíèå òåìïåðàòóðû âíóòðè öèëèíäðà â ëþáîé ìîìåíò âðåìåíè.

126. Íàéòè ðàñïðåäåëåíèå òåìïåðàòóðû âíóòðè áåñêîíå÷íî-
ãî êðóãîâîãî öèëèíäðà ðàäèóñà R ïðè óñëîâèè, ÷òî íà÷àëüíàÿ
òåìïåðàòóðà ðàâíà Ut=0 = U0(1− r2

R2 ), à íà áîêîâîé ïîâåðõíîñòè
ïîääåðæèâàåòñÿ òåìïåðàòóðà, ðàâíàÿ íóëþ.

127. Öèëèíäð ñ ðàäèóñîì îñíîâàíèÿ R è âûñîòîþ h èìååò
âî âñå âðåìÿ îïûòà òåìïåðàòóðó íèæíåãî îñíîâàíèÿ è áîêîâîé
ïîâåðõíîñòè, ðàâíóþ 00, à òåìïåðàòóðà âåðõíåãî îñíîâàíèÿ åñòü
îïðåäåëåííàÿ ôóíêöèÿ îò r. Íàéòè ñòàöèîíàðíóþ òåìïåðàòóðó
âíóòðåííèõ òî÷åê öèëèíäðà.

128. Ðåøèòü ïðåäûäóùóþ çàäà÷ó â ïðåäïîëîæåíèè ÷òî áî-
êîâàÿ ïîâåðõíîñòü öèëèíäðà ïîêðûòà íåïðîíèöàåìûì äëÿ òåï-
ëîòû ÷åõëîì.

129. Ðåøèòü çàäà÷ó 128 â ïðåäïîëîæåíèè, ÷òî áîêîâàÿ ïî-
âåðõíîñòü öèëèíäðà ñâîáîäíî îõëàæäàåòñÿ î âîçäóõ, èìåþùèé
òåìïåðàòóðó 00

130. Öèëèíäð ñ ðàäèóñîì îñíîâàíèÿ R è âûñîòîé h èìååò
òåìïåðàòóðó îáîèõ îñíîâàíèé, ðàâíóþ 00, à òåìïåðàòóðà áî-
êîâîé ïîâåðõíîñòè ïðåäñòàâëÿåò ñîáîé çàäàííóþ ôóíêöèþ îò
z : U = f(z). Íàéòè ñòàöèîíàðíóþ òåìïåðàòóðó âíóòðåííèõ òî-
÷åê öèëèíäðà.

ÎÒÂÅÒÛ È ÓÊÀÇÀÍÈß.

Ï ð è ì å ð. Íàéòè çàêîí âûðàâíèâàíèÿ çàäàííîãî îñåñèììåò-
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ðè÷íîãî íà÷àëüíîãî ðàñïðåäåëåíèÿ òåìïåðàòóðû U (r, 0) = r2 â
áåñêîíå÷íîì öèëèíäðå ðàäèóñà R0, áîêîâàÿ ïîâåðõíîñòü êîòî-
ðîãî òåïëîèçîëèðîâàíà.

Ð å ø å í è å. Çàäà÷à ñâîäèòñÿ ê èíòåãðèðîâàíèþ óðàâíåíèÿ:
1

a2

∂2U

∂t2
= ∆U

Îñåâàÿ ñèììåòðèÿ îçíà÷àåò íåçàâèñèìîñòü òåìïåðàòóðû U îò
óãëîâîé ïåðåìåííîé è óðàâíåíèå äëÿ U(r, t) â öèëèíäðè÷åñêîé
ñèñòåìå êîîðäèíàò ïðèìåò âèä:

Utt = a2 1

r

∂

∂r
(r

∂U

∂r
),

ïðè íà÷àëüíûõ óñëîâèÿõ |U(0, t)| = r2 è ãðàíè÷íûõ óñëîâèÿõ :
|U(0, t)| < ∞, ∂U(R,t)

∂r
= 0. Ïîëàãàÿ U(r, t) = R(r)T (t) è ðàçäåëÿÿ

ïåðåìåííûå, ïîëó÷àåì äâà óðàâíåíèÿ íà R è T :
d2R

dr2
+

1

r

dR

dr
+ λ2R = 0,

dT

dt
+ λ2a2T = 0.

Ïåðâîå óðàâíåíèå ñâîäèòñÿ ê óðàâíåíèþ Áåññåëÿ íóëåâîãî ïî-
ðÿäêà. Åãî ðåøåíèå, êîíå÷íîå íà îñè öèëèíäðà ÿâëÿåòñÿ ôóíê-
öèÿ Áåññåëÿ íóëåâîãî ïîðÿäêà, ò.å. R(r) = C1J0(λr) (âòîðîå
÷àñòíîå ðåøåíèå ýòîãî óðàâíåíèÿ - ôóíêöèÿ Íåéìàíà N0(λr)

îáðàøàåòñÿ â áåñêîíå÷íîñòü ïðè r = 0) Èç ãðàíè÷íîãî óñëîâèÿ
R′(R0) = C1λJ1(λR0), ïîëó÷àåì J1(λr) = 0 èëè λ = λk = µk

R0
,

ãäå µk - ïîëîæèòåëüíûå êîðíè ôóíêöèè Áåññåëÿ 1-ãî ïîðÿäêà
J1(µk) = 0, (k = 0, 1, 2..., µ0 = 0). Ðåøåíèå âòîðîãî óðàâíåíèÿ:

Tk = cke
−a2

µ2
k

R2
0

t
.

Âûðàæåíèå U(r, t) =
∞∑

k=0
cke

−a2
µ2

k
R2

0

t
J0(µk

r
R0

) óäîâëåòâîðÿ-
åò âñåì óñëîâèÿì çàäà÷è, êðîìå íà÷àëüíîãî óñëîâèÿ. Òàê êàê
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ñîáñòâåííûå ôóíêöèè çàäà÷è îðòîãîíàëüíû ñ âåñîì r íà ïðî-
ìåæóòêå (0, R0), òî êîýôôèöèåíòû ck ìîãóò áûòü íàéäåíû ïî
ôîðìóëàì:

ck =

R0∫
0

r2J0

(
µk

r
R0

)
rdr

R0∫
0

J2
0

(
µk

r
R0

)
rdr

=
2

(R0J2(µk))

R0∫

0

r3J0

(
µk

r

R0

)
dr.

Îñòàâøèéñÿ èíòåãðàë ëåãêî âû÷èñëÿåòñÿ ñ èñïîëüçîâàíèåì ñî-
îòíîøåíèé ((xJ1(x))′ = xJ0(x)) è J ′1(x) = −J0(x).

123.

U(r, φ, t) =
∞∑

n=1

2A

µ0
nJ1(µ0

n)
exp

(
−a2[µ0

n]2t

l2

)
J0

(
µ0

nr

l

)
.

124.

U(r, t) = U0


1 + 2

∞∑

n=1

J0

(
µn

r
R

)

µnJ ′0 (µn)
exp

(
−µ2

na
2

R2
t

)
 ,

ãäå µ1, µ2, µ3, ... -ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0.

125.
U(r, φ, t) = U0exp

(
−a2[µ0

1]
2t

l2

)
J0

(
µ0

1r

l

)
.

126.
U(r, t) =

2

R2

∞∑

n=1

µ2
n

µ2
n + H2R2

×

× exp

(
−µ2

na
2

R2
t

)
J0

(
µn

r
R

)

J2
0 (µn)

∞∫

0

ρf(ρ)J0

(
µnρ

R

)
dρ,

ãäå µ1, µ2, ... -ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ

µJ ′0(µ) + HRJ0(µ) = 0.
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127.

U(r, t) = 8U0

∞∑

n=1

J0

(
µn

r
R

)

µ3
nJ1(µn)

exp

(
−µ2

na2

R2
t

)
.

128. Ó ê à ç à í è å. Äëÿ ðåøåíèÿ çàäà÷è íåîáõîäèìî îòûñ-
êàòü òàêîé èíòåãðàë óðàâíåíèÿ ∂2U

∂r2 + 1
r

∂U
∂r

+ 1
a2

∂2U
∂z2 = 0, êîòî-

ðûé óäîâëåòâîðÿë áû óñëîâèÿì: U |r=0 = êîíå÷íîé âåëè÷èíå,
U |z=0 = 0, Uz+h = f(r) ïðè 0 < r < R.

U(r, t) =
2

R2

∞∑

n=1

sh
(
µn

z
R

)

sh
(
µn

h
R

)
J0

(
µn

r
R

)

J2
1 (µn)

R∫

0

ρφ(ρ)Jo

(
µn

ρ

R

)
dρ

ãäå µ1, µ2, µ3, ... -ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0.

129.

U(r, t) =
2

R2

∞∑

n=1

sh
(
µn

z
R

)

sh
(
µn

h
R

)
J0

(
µn

r
R

)

J2
0 (µn)

R∫

0

ρφ(ρ)Jo

(
µn

ρ

R

)
dρ,

ãäå µ1, µ2, µ3, ... -ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ µJ1(x)−
− h1RJ0(x) = 0.

130.

U(r, t) =
2

R2

∞∑

n=1

sh
(
µn

z
R

)

sh
(
µn

h
R

)
Jo

(
µn

r
R

)

J2
1 (µn)

1

1 + h2R2

µ2
n

R∫

0

ρφ(ρ)Jo

(
µn

ρ

R

)
dρ,

ãäå µ1, µ2, µ3, ...- ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ xJ1(x) −
h1RJ0(x) = 0.

Ó ê à ç à í è å. Òðåòüå èç ãðàíè÷íûõ óñëîâèé ïðåäûäóùåé
çàäà÷è, çàìåíèòü ñëåäóþùèì: ∂U

∂r
|r=R + h1U |r=R = 0, h1 = h

k
.

131.

U(r, t) =
2

h

∞∑

n=1

sin
nπz

h

Jo

(
π nir

h

)

J0

(
π niR

h

)
h∫

0

f(t) sin
nπt

h
dt.
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�12. Çàäà÷è, ïðèâîäÿùèå ê ïîëèíîìàì Ëåæàíäðà è ê
ñôåðè÷åñêèì ôóíêöèÿì.

132. Íàéòè çàêîí ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ òåìïåðàòó-
ðû âíóòðè îäíîðîäíîãî èçîòðîïíîãî øàðà ðàäèóñà `, åñëè íà
ïîâåðõíîñòè øàðà âñå âðåìÿ ïîääåðæèâàåòñÿ ñëåäóþùàÿ òåì-
ïåðàòóðà:

U(ρ, θ, ϕ)ρ=0 =

{
+U0 0 ≤ θ ≤ π

2

−U0
π
2

< θ ≤ π.
.

133. Íàéòè çàêîí ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ òåìïåðàòó-
ðû âíóòðè îäíîðîäíî èçîòðîïíîãî øàðà ðàäèóñà `, åñëè íà ïî-
âåðõíîñòè øàðà ïîääåðæèâàåòñÿ ñëåäóþùàÿ òåìïåðàòóðà:

U(ρ, θ, ϕ)ρ=0 = U0 sin2 θ; (U0 = const).

134. Ôóíêöèè ϕ(r, θ) =
(
1− 2(1

r
) cos θ + (1

r
)2

)− 1
2 è

f(x) =

{
0 −1 < x < 0,

1 0 < x < 1.

ðàçëîæèòü â ðÿä ïî ïîëèíîìàì Ëåæàíäðà.
135. Íàéòè îãðàíè÷åííûå ðåøåíèÿ óðàâíåíèÿ Ëàïëàñà

∂

∂r
(r2∂u

∂r
) +

1

sin θ

∂

∂θ
(sin θ

∂u

∂θ
) = 0

âíóòðè è âíå ñôåðû ðàäèóñà R, åñëè íà å¼ ïîâåðõíîñòè èñêîìîå
ðåøåíèå èìååò çíà÷åíèå f(θ). Ïðîâåñòè âû÷èñëåíèÿ ïðè
r < R = 1 è ïðè f(θ) = cos2 θ.

136. Íàéòè ãàðìîíè÷åñêóþ âíóòðè øàðà ðàäèóñà R ôóíê-
öèþ, ïðèíèìàþùóþ íà ãðàíèöå øàðà çíà÷åíèå, ðàâíîå

u(R, θ, ϕ) = sin 3θ · cos ϕ.
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137. Äîêàçàòü, ÷òî óðàâíåíèå Ëàïëàñà

∂2U

∂r2
+

2

r

∂U

∂r
+

1

r2

∂2U

∂θ2
+

cot θ

r2

∂U

∂θ
= 0

äîïóñêàåò ÷àñòíîå ðåøåíèå

U = (Arm +
B

r(m+1)
)Pm(cos θ).

A è B -ïðîèçâîëüíûå ïîñòîÿííûå, m = 0, 1, 2..

138. Äàííàÿ ôóíêöèÿ f(r) ïðè r < R, ìîæåò áûòü ðàçëîæåíà
â ðÿä âèäà:

f(r) = A0 + A1r + A2r
2 + . . . + Anrn + . . .

à ïðè r > R, â ðÿä ñëåäóþùåãî âèäà:

f(r) =
B1

r
+

B2

r2
+

B3

r3
+ . . . +

Bn+1

r(n+1)
+ . . . .

Íàéòè òàêîå ðåøåíèå óðàâíåíèÿ, ïðèâåäåííîãî â ïðåäûäóùåé
çàäà÷å, êîòîðîå óäîâëåòâîðÿëî áû óñëîâèþ: Uθ=0 = f(r).

139. Êðóãîâîå ïðîâîëî÷íîå êîëüöî ðàäèóñà R çàðÿæåíî åäè-
íèöàìè ñòàòè÷åñêîãî ýëåêòðè÷åñòâà. Íàéòè ïîòåíöèàë υ(r, θ)

íàýëåêòðèçîâàííîãî êîëüöà íà ëþáóþ òî÷êó ïîëÿ.
140. Íàéòè òàêîå ðåøåíèå óðàâíåíèÿ çàäà÷è 137, ÷òîáû ïðè

r = R ( íà ïîâåðõíîñòè ñôåðû ðàäèóñà R ñ öåíòðîì â íà÷àëå
êîîðäèíàò) îíî îáðàùàëîñü áû â äàííóþ ôóíêöèþ óãëà θ, ò.å.
Ur=R = f(θ), 0 ≤ θ ≤ π.
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ÎÒÂÅÒÛ È ÓÊÀÇÀÍÈß.

132.

U(ρ, θ, ϕ) = U0

[
3

2

ρ

l
cos θ − 7

8

(
ρ

l

)3 5 cos3 θ − 3 cos θ

2
+

+
11

6

(
ρ

l

)5 63 cos5 θ − 70 cos3 θ + 15 cos θ

8
+ ...

]
.

Ó ê à ç à í è å. Ðåøåíèå èùåòñÿ âèäå ðÿäà
∞∑

m=0
amρmPm (cos θ)

ãäå am = 0 äëÿ âñåõ ÷åòíûõ m , è am = (2m+1)U0

lm

1∫
0

Pm (τ)dτ äëÿ
íå÷åòíûõ m.
133.

U(ρ, θ, ϕ) = U0
2

3
− U0

(
ρ

l

)2 3 cos2 θ − 1

3
.

134.
ϕ(r, θ) =

∞∑

n=0

(
1

r

)n

Pn(cos θ); (r > 1).

f(x) =
1

2
+

3

22
P1(x)− 7 · 2!

24 · 2! · 1!
P3(x) +

1! · 4!

26 · 3! · 2!
P5(x)− ...

135.

U(r, θ) =





∞∑
n=0

An

(
r
R

)n · Pn(cos θ), (r < R);

∞∑
n=0

An

(
R
r

)n+1 · Pn(cos θ), åñëè (r > R),

ãäå

An =
2n + 1

2

π∫

0

f(θ)Pn(cos θ) sin θdθ.

Â ÷àñòíîì ñëó÷àå u(r, θ) = 1
3
(1− r2) + r2 cos2 θ.

136.

u(r, θ, ϕ) =
8

15

(
r

R

)3

P 1
3 (cos θ)− 1

5

r

R
P 1

1 (cos θ) cos ϕ.
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138.

U(ρ.θ) = A0P0(cos θ) + A1rP1(cos θ) + ... + AnrnPn(cos θ),

ïðè r < R;

U(ρ.θ) = B1
1

r
P1(cos θ) + B2

1

r2
P2(cos θ) + ... + Bn

1

rn
Pn(cos θ),

ïðè r > R.
139.

v(r, t) =
E

R

[
1− 1

2

r2

R2
P2(cos θ) +

1 · 3
2 · 4

r4

R4
P4(cos θ)− ...

]
.

ïðè R > r

v(r, t) =
E

R

[
r

r
− 1

2

R2

r2
P2(cos θ) +

1 · 3
2 · 4

R5

r5
P4(cos θ)− ...

]
.

ïðè r > R.
140.

U(r, t) =
∞∑

m=1

Am

(
r

R

)m

Pm(cos θ)

ïðè r < R, è

U(r, t) =
∞∑

m=1

Am

(
R

r

)m+1

Pm(cos θ)

ïðè r > R.
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