
1 Óðàâíåíèå Áåññåëÿ è åãî ðåøåíèÿ

Óðàâíåíèþ Áåññåëÿ

y′′ +
1

x
y′ +

(
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)
y = 0 (1)

óäîâëåòâîðÿþò ôóíêöèè Áåññåëÿ:
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y = 0 (3)
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∞∑
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∞∑
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Ïîäñòàíîâêà â óðàâíåíèå:
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∞∑
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=
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2 Ñâîéñòâà ôóíêöèé Áåññåëÿ

Ïðîâåðêà ôîðìóëû (1) èç �9
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x
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Åñëè

Jν (x) =

∞∑
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, (8)
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òî
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∞∑
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, (9)

ν
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∞∑
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∞∑
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òîãäà
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∞∑
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=
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Çàäàíèå: Ïðîâåðèòü ôîðìóëó (2)
νJν (x)

x
+ J ′

ν (x) = Jν−1 (x) (13)

Ñëîæèì ôîðìóëû (7) è (13),
νJν (x)

x
− J ′

ν (x) = Jν+1 (x)

νJν (x)

x
+ J ′

ν (x) = Jν−1 (x)

è ïîëó÷èì ðåêóððåíòíóþ ôîðìóëó
2ν

x
Jν (x) = Jν+1 (x) + Jν−1 (x) (14)

� 93 à) âûðàçèòü J2 (x) ÷åðåç J0 (x) è J1 (x).
Ïîäñòàâëÿåì â ðåêóððåíòíóþ ôîðìóëó ν = 1

2

x
J1 (x) = J2 (x) + J0 (x) (15)

Çàäàíèå: � 93 â) ñ); � 82 ìåòîäîì ìàòèíäóêöèè.

3 Ôóíêöèè Áåññåëÿ, ñâîäèìûå ê ýëåìåíòàðíûì

Ïðèìåð. � 83 Âû÷èñëèòü J 1
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Çàäàíèå: � 84, 89, 90
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4 Ñâÿçü ìåæäó ôóíêöèÿìè Áåññåëÿ ðàçíûõ èíäåêñîâ

Ïðèìåð. � 85 Äîêàçàòü:
d

dx

[
Jν (x)

xν

]
= −Jν+1 (x)

xν
(19)

Íà÷í¼ì ñ ôîðìóëû
νJν (x)

x
− J ′

ν (x) = Jν+1 (x) : (20)

νxν−1Jν (x)x
−ν − J ′

ν (x)x
νx−ν = Jν+1 (x) , (21)

(xν)
′
Jν (x)− J ′

ν (x)x
ν

xν
= Jν+1 (x) , (22)

J ′
ν (x)x

ν − (xν)
′
Jν (x)

x2ν
= −Jν+1 (x)

xν
, (23)

d
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[
Jν (x)
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]
= −Jν+1 (x)

xν
. (24)

Çàäàíèå: � 86, 87, 88
Çàäàíèå: � 95

5 Óðàâíåíèÿ, ñâîäÿùèåñÿ ê óðàâíåíèÿì Áåññåëÿ

Çàäàíèå: �96 è 97.
Â óðàâíåíèÿõ òèïà

y′′ +
α

x
y′ + βy = 0 (25)

ìîæíî óáðàòü α, çàìåíèâ

y = xσz, y′ = xσz′ + σxσ−1z, y′′ = xσz′′ + 2σxσ−1z′ + σ (σ − 1)xσ−2z : (26)

òîãäà [
xσz′′ + 2σxσ−1z′ + σ (σ − 1)xσ−2z

]
+

α

x

[
xσz′ + σxσ−1z

]
+ βxσz = 0, (27)

xσz′′ +
[
2σxσ−1z′ +

α

x
xσz′

]
+
[
σ (σ − 1)xσ−2z + σ

α

x
xσ−1z + βxσz

]
= 0, (28)

xσz′′ +

[
2σ

1

x
+

α

x

]
xσz′ +

[
σ (σ − 1)

1

x2
+

σα

x2
+ β

]
xσz = 0

∣∣∣∣ · 1

xσ
(29)

z′′ +
2σ + α

x
z′ +

[(
σ2 − σ + σα

)
x2

+ β

]
z = 0 (30)

z′′ +
2σ + α

x
z′ +

[
β − σ − σ2 − σα

x2

]
z = 0. (31)

2σ + α = 1, σ = 1−α
2 , σ − σ2 − σα =

(
1−α
2

)2
z′′ +

1

x
z′ +

[
β −

(
1−α
2

)2
x2

]
z = 0. (32)

Äëÿ òîãî, ÷òîáû ñâåñòè ýòî óðàâíåíèå ê óðàâíåíèþ Áåññåëÿ äîñòàòî÷íî óáðàòü β òàê æå, êàê â � 96 è 97.
Çàäàíèå: � 98 è 99.
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6 Ðÿäû ïî ôóíêöèÿì Áåññåëÿ

Ôóíêöèÿ Áåññåëÿ Jν (x) îáëàäàåò ñ÷¼òíî-áåñêîíå÷íûì ìíîæåñòâîì íóëåé µ
(ν)
k :

Jν

(
µ
(ν)
k

)
= 0, k ∈ N, (33)

ãäå k - íîìåð íóëÿ.
Ïðè ν > −1

lˆ

0

Jν

(
µ
(ν)
k x

l

)
Jν

(
µ
(ν)
m x

l

)
xdx =

{
0, m ̸= k,

l2

2

[
Jν+1

(
µ
(ν)
k

)]2
, m = k.

(34)

Âñÿêàÿ îïðåäåë¼ííàÿ è íåïðåðûâíàÿ ôóíêöèÿ f (x), îáëàäàþùàÿ àáñîëþòíî ñõîäÿùèìñÿ èíòåãðàëîì
ĺ

0

f (x)
√
xdx,

ìîæåò áûòü ðàçëîæåíà â ðÿä ïî ôóíêöèÿì Áåññåëÿ:

f (x) =

∞∑
k=1

CkJν

(
µ
(ν)
k x

l

)
. (35)

Íàéä¼ì êîýôôèöèåíòû Ck:
lˆ

0

dxJν

(
µ
(ν)
m x

l

)
x ·

∣∣∣∣∣f (x) =

∞∑
k=1

CkJν

(
µ
(ν)
k x

l

)
, (36)

lˆ

0

f (x) Jν

(
µ
(ν)
m x

l

)
xdx =

∞∑
k=1

Ck

lˆ

0

Jν

(
µ
(ν)
m x

l

)
Jν

(
µ
(ν)
k x

l

)
xdx =

∞∑
k=1

Ckδmk
l2

2

[
Jν+1

(
µ
(ν)
k

)]2
= Cm

l2

2

[
Jν+1

(
µ(ν)
m

)]2
,

(37)
îòêóäà îêîí÷àòåëüíî (m = k, x = ξ)

Ck =
2

l2
[
Jν+1

(
µ
(ν)
k

)]2
lˆ

0

f (ξ) Jν

(
µ
(ν)
k ξ

l

)
ξdξ. (38)

Ïðèìåð. � 100. Ðàçëîæèòü ôóíêöèþ f (x) = 1 â ðÿä ïî ôóíêöèÿì Áåññåëÿ íóëåâîãî ïîðÿäêà (ν = 0).
Îáùèé âèä ýòîãî ðàçëîæåíèÿ òàêîâ:

1 =

∞∑
k=1

CkJ0

(
µ
(0)
k x

l

)
. (39)

Íàéä¼ì êîýôôèöèåíòû

Ck =
2

l2
[
J1

(
µ
(0)
k

)]2
lˆ

0

1J0

(
µ
(0)
k ξ

l

)
ξdξ = (40)

Çàìåíèì
µ
(0)
k ξ

l = ζ, ξ = lζ

µ
(0)
k

=
2

l2
[
J1

(
µ
(0)
k

)]2
µ
(0)
kˆ

0

J0 (ζ)
lζ

µ
(0)
k

d
lζ

µ
(0)
k

=
2

l2
[
J1

(
µ
(0)
k

)]2 l2(
µ
(0)
k

)2
µ
(0)
kˆ

0

J0 (ζ) ζdζ =
2[

J1

(
µ
(0)
k

)
µ
(0)
k

]2
µ
(0)
kˆ

0

J0 (ζ) ζdζ.

Âûøå äîêàçûâàëàñü ôîðìóëà
ν

x
Jν (x) + J ′

ν (x) = Jν−1 (x) . (41)

Ïðè ν = 1
1

x
J1 (x) + J ′

1 (x) = J0 (x) . (42)

Çàìåíèâ îòñþäà J0 (x) â ïîñëåäíåì èíòåãðàëå, ðàçëîæèì åãî íà ñëàãàåìûå è âî âòîðîì âûïîëíèì èíòåãðèðîâàíèå ïî
÷àñòÿì:

µ
(0)
kˆ

0

J0 (ζ) ζdζ =

µ
(0)
kˆ

0

[
1

ζ
J1 (ζ) + J ′

1 (ζ)

]
ζdζ =

µ
(0)
kˆ

0

J1 (ζ) dζ +

µ
(0)
kˆ

0

J ′
1 (ζ) ζdζ =
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=

µ
(0)
kˆ

0

J1 (ζ) dζ + J1 (ζ) ζ|
µ
(0)
k

0 −

µ
(0)
kˆ

0

J1 (ζ) dζ = J1

(
µ
(0)
k

)
µ
(0)
k . (43)

Òîãäà

Ck =
2[

J1

(
µ
(0)
k

)
µ
(0)
k

]2
µ
(0)
kˆ

0

J0 (ζ) ζdζ =
2[

J1

(
µ
(0)
k

)
µ
(0)
k

]2 J1 (µ(0)
k

)
µ
(0)
k =

2

J1

(
µ
(0)
k

)
µ
(0)
k

, (44)

îòêóäà ïðèõîäèì ê èñêîìîìó ðÿäó äëÿ åäèíèöû:

1 =

∞∑
k=1

CkJ0

(
µ
(0)
k x

l

)
=

∞∑
k=1

2

J1

(
µ
(0)
k

)
µ
(0)
k

J0

(
µ
(0)
k x

l

)
. (45)

Çàäàíèå: � 101 - 103.
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