
1 8.9

Íàéòè êðàò÷àéøåå ðàññòîÿíèå ìåæäó òî÷êàìè A (1, 0,−1), B (0,−1, 1), ëåæàùèìè íà ïëîñêîñòè x+ y + z = 0.
y (x), z (x): {

y (0) = −1
z (0) = 1

,

{
y (1) = 0
z (1) = −1

(1)

L =

1ˆ

0

√
y′2 + z′2 + 1dx (2)

Âñïîìîãàòåëüíûé ôóíêöèîíàë ñ ó÷¼òîì ñâÿçè x+ y + z = 0:

L∗ =

1ˆ

0

[√
y′2 + z′2 + 1 + λ (x) (x+ y + z)

]
dx (3)

óð-ÿ Ýéëåðà:

F ′
y = λ,

F ′
z = λ,

F ′
y′ =

y′√
y′2+z′2+1

,

F ′
z′ = z′√

y′2+z′2+1
,

 λ− d
dx

y′√
y′2+z′2+1

= 0,

λ− d
dx

z′√
y′2+z′2+1

= 0.
(4)

Èç ñâÿçè: 1 + y′ + z′ = 0, z′ = −1− y′:  λ− d
dx

y′√
y′2+z′2+1

= 0,

λ− d
dx

−1−y′√
y′2+z′2+1

= 0,
(5)

− d

dx

2y′ + 1√
y′2 + z′2 + 1

= 0, (6)

y′2 + z′2 + 1 = y′2 + (−1− y′)
2
+ 1 = y′2 + 1 + 2y′ + y′2 + 1 = 2y′2 + 2y′ + 2 = 2

(
y′2 + y′ + 1

)
:

2y′ + 1√
2 (y′2 + y′ + 1)

= C̃1 =⇒ y′ = C1, (7)

y = C1x+ C2, z = −y − x = −C1x− C2 − x = − (1 + C1)x− C2 (8)

Ó÷ò¼ì ãðàíè÷íûå óñëîâèÿ: ëåâîå {
y (0) = C2 = −1
z (0) = −C2 = 1

(9)

y = C1x− 1, z = − (1 + C1)x+ 1 (10)

è ïðàâîå {
y (1) = C1 − 1 = 0

z (1) = − (1 + C1) + 1 = −1
=⇒ C1 = 1 (11)

y = x− 1, z = −2x+ 1 (12)

Íàéä¼ì äëèíó. y′2 + z′2 + 1 = 2
(
y′2 + y′ + 1

)
= 2

(
12 + 1 + 1

)
= 6:

L =

1ˆ

0

√
y′2 + z′2 + 1dx =

1ˆ

0

√
6dx =

√
6. (13)

2 8.11

Íàéòè ãåîäåçè÷åñêèå ëèíèè íà ñôåðå.
x (t), y (t), z (t),

x2 + y2 + z2 = R2 (14)

Äëèíà

L =

t2ˆ

t1

√
ẋ2 + ẏ2 + ż2dt (15)
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Âñïîìîãàòåëüíûé ôóíêöèîíàë

L∗ =

t2ˆ

t1

[√
ẋ2 + ẏ2 + ż2 + λ (t)

(
x2 + y2 + z2 −R2

)]
dt (16)

√
ẋ2 + ẏ2 + ż2 ≡ F ,

√
ẋ2 + ẏ2 + ż2 + λ (t)

(
x2 + y2 + z2 −R2

)
≡ F ∗

Óðàâíåíèÿ Ýéëåðà 
2λx− d

dt
ẋ
F = 0

2λy − d
dt

ẏ
F = 0

2λz − d
dt

ż
F = 0

(17)

èç ñâÿçè:
xẋ+ yẏ + zż = 0 (18)

xẍ+ ẋ2 + yÿ + ẏ2 + zz̈ + ż2 = xẍ+ yÿ + zz̈ + F 2 = 0 (19)

òîãäà 
2λx = ẍ

F + ẋ d
dt

1
F

2λy = ÿ
F + ẏ d

dt
1
F

2λz = z̈
F + ż d

dt
1
F

(20)


2λx2 = xẍ

F + xẋ d
dt

1
F

2λy2 = yÿ
F + yẏ d

dt
1
F

2λz2 = zz̈
F + zż d

dt
1
F

(21)

2λ
(
x2 + y2 + z2

)
=

xẍ+ yÿ + zz̈

F
+ (xẋ+ yẏ + zż)

d

dt

1

F
(22)

2λR2 =
−F 2

F
+ 0 = −F (23)

λ = − F

2R2
(24)

− F
R2x− d

dt
ẋ
F = 0

− F
R2 y − d

dt
ẏ
F = 0

− F
R2 z − d

dt
ż
F = 0

(25)

Çàìåíà: Fdt = ds
ds

dt
= F =

√
ẋ2 + ẏ2 + ż2 (26)

d

dt
=

ds

dt

d

ds
= F

d

ds
(27)

ẋ

F
=

1

F
Fx′ = x′,

ẏ

F
= y′,

ż

F
= z′, (28)

− F
R2x− F d

dsx
′ = 0

− F
R2 y − F d

dsy
′ = 0

− F
R2 z − F d

dsz
′ = 0

(29)


x
R2 + x′′ = 0
y
R2 + y′′ = 0
z
R2 + z′′ = 0

(30)

µ = ± i
R ,  x = C1 cos

s
R + C2 sin

s
R

y = C3 cos
s
R + C4 sin

s
R

z = C5 cos
s
R + C6 sin

s
R

(31)

C4x− C2y = (C1C4 − C2C3) cos
s

R
(32)

C3x− C1y = (C2C3 − C1C4) sin
s

R
(33)

cos
s

R
=

C4x− C2y

C1C4 − C2C3
, sin

s

R
=

C3x− C1y

C2C3 − C1C4
(34)

z = C5
C4x− C2y

C1C4 − C2C3
+ C6

C3x− C1y

C2C3 − C1C4
(35)
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(C1C4 − C2C3) z = C5 (C4x− C2y)− C6 (C3x− C1y) = C4C5x− C2C5y − C3C6x+ C1C6y =

= (C4C5 − C3C6)x+ (C1C6 − C2C5) y (36)

(C4C5 − C3C6)x+ (C1C6 − C2C5) y − (C1C4 − C2C3) z = 0 (37){
Ax+By + Cz = 0
x2 + y2 + z2 = R2 (38)

áîëüøàÿ îêðóæíîñòü íà ñôåðå.
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