
e⃗p ≡
r⃗′p
Hp

=
1

Hp

 x′
p

y′p
z′p

 , e⃗q ≡ . . . , (1)

[e⃗p × e⃗q] = e⃗s, [e⃗q × e⃗s] = e⃗p, [e⃗s × e⃗p] = e⃗q (2)

1 Äèôôåðåíöèàëüíûå ñâîéñòâà îðòîâ

e⃗β · ∂

∂γ
e⃗α = −e⃗α · ∂

∂γ
e⃗β (3)

e⃗α · ∂

∂γ
e⃗α = 0. (4)

e⃗β · ∂

∂β
e⃗α =

1

Hα

∂

∂α
Hβ , α ̸= β (5)

e⃗γ · ∂

∂β
e⃗α =

Hβ

Hα
e⃗γ · ∂

∂α
e⃗β , γ ̸= α, γ ̸= β. (6)

2 Ðîòîð

Ðîòîð ñ÷èòàåì ïîêîìïîíåíòíî

rot F⃗ =

∣∣∣∣∣∣
i⃗ ∂/∂x P

j⃗ ∂/∂y Q

k⃗ ∂/∂z R

∣∣∣∣∣∣ = i⃗
(
R′

y −Q′
z

)
+ j⃗ (P ′

z −R′
x) + k⃗

(
Q′

x − P ′
y

)
. (7)

e⃗p · rot F⃗ =
x′
p

Hp

(
R′

y −Q′
z

)
+

y′p
Hp

(P ′
z −R′

x) +
z′p
Hp

(
Q′

x − P ′
y

)
=

=
1

Hp

[
x′
pR

′
y − x′

pQ
′
z + y′pP

′
z − y′pR

′
x + z′pQ

′
x − z′pP

′
y

]
=

=
1

Hp

[(
x′
pR

′
y − y′pR

′
x

)
+

(
y′pP

′
z − z′pP

′
y

)
+

(
z′pQ

′
x − x′

pQ
′
z

)]
=

=
1

Hp

[(
x′
pp

′
y − y′pp

′
x

)
R′

p +
(
x′
pq

′
y − y′pq

′
x

)
R′

q +
(
x′
ps

′
y − y′ps

′
x

)
R′

s+

+
(
y′pp

′
z − z′pp

′
y

)
P ′
p +

(
y′pq

′
z − z′pq

′
y

)
P ′
q +

(
y′ps

′
z − z′ps

′
y

)
P ′
s+

+
(
z′pp

′
x − x′

pp
′
z

)
Q′

p +
(
z′pq

′
x − x′

pq
′
z

)
Q′

q +
(
z′ps

′
x − x′

ps
′
z

)
Q′

s

]
= (8)

=
1

Hp

∣∣∣∣∣∣
x′
p p′x P ′

p

y′p p′y Q′
p

z′p p′z R′
p

∣∣∣∣∣∣+
∣∣∣∣∣∣
x′
p q′x P ′

q

y′p q′y Q′
q

z′p q′z R′
q

∣∣∣∣∣∣+
∣∣∣∣∣∣
x′
p s′x P ′

s

y′p s′y Q′
s

z′p s′z R′
s

∣∣∣∣∣∣
 =

=
1

Hp

[(
r⃗′p, grad p, F⃗

′
p

)
+

(
r⃗′p, grad q, F⃗

′
q

)
+

(
r⃗′p, grad s, F⃗

′
s

)]
=

=

(
e⃗p,

e⃗p
Hp

, F⃗ ′
p

)
+

(
e⃗p,

e⃗q
Hq

, F⃗ ′
q

)
+

(
e⃗p,

e⃗s
Hs

, F⃗ ′
s

)
=

=
1

Hp
F⃗ ′
p · [e⃗p × e⃗p] +

1

Hq
F⃗ ′
q · [e⃗p × e⃗q] +

1

Hs
F⃗ ′
s · [e⃗p × e⃗s] =

=
1

Hq
F⃗ ′
q · e⃗s −

1

Hs
F⃗ ′
s · e⃗q;

F⃗ ′
q e⃗s =

∂

∂q
(Fpe⃗p + Fq e⃗q + Fse⃗s) e⃗s =

=

(
∂

∂q
Fpe⃗p +

∂

∂q
Fq e⃗q +

∂

∂q
Fse⃗s + Fp

∂

∂q
e⃗p + Fq

∂

∂q
e⃗q + Fs

∂

∂q
e⃗s

)
e⃗s =

ïî (3)

=
∂

∂q
Fs + Fpe⃗s ·

∂

∂q
e⃗p + Fq e⃗s ·

∂

∂q
e⃗q =

∂

∂q
Fs + Fpe⃗s ·

∂

∂q
e⃗p − Fq e⃗q

∂

∂q
e⃗s = (9)

1



ïî (5)

=
∂

∂q
Fs + Fpe⃗s

∂

∂q
e⃗p − Fq

1

Hs

∂

∂s
Hq,

è àíàëîãè÷íî,

F⃗ ′
se⃗q =

∂

∂s
Fq + Fpe⃗q

∂

∂s
e⃗p − Fs

1

Hq

∂

∂q
Hs. (10)

Âîçâðàùàåìñÿ:

e⃗p · rot F⃗ =
1

Hq
F⃗ ′
q e⃗s −

1

Hs
F⃗ ′
se⃗q =

1

Hq

(
∂

∂q
Fs + Fpe⃗s

∂

∂q
e⃗p − Fq

1

Hs

∂

∂s
Hq

)
− 1

Hs

(
∂

∂s
Fq + Fpe⃗q

∂

∂s
e⃗p − Fs

1

Hq

∂

∂q
Hs

)
=

áåç å è ñ å:

=

(
1

Hq

∂

∂q
Fs −

1

Hs

∂

∂s
Fq + Fs

1

HqHs

∂

∂q
Hs − Fq

1

HqHs

∂

∂s
Hq

)
+

(
1

Hq
Fpe⃗s ·

∂

∂q
e⃗p −

1

Hs
Fpe⃗q ·

∂

∂s
e⃗p

)
=

=
1

HqHs

(
Hs

∂

∂q
Fs + Fs

∂

∂q
Hs −Hq

∂

∂s
Fq − Fq

∂

∂s
Hq

)
+

1

HqHs
Fp

(
Hse⃗s ·

∂

∂q
e⃗p −Hq e⃗q ·

∂

∂s
e⃗p

)
= (11)

ñîáèðàåì è ïåðåñòàâëÿåì:

=
1

HqHs

(
∂

∂q
(HsFs)−

∂

∂s
(HqFq)

)
− 1

HqHs
Fp

(
Hse⃗p ·

∂

∂q
e⃗s −Hq e⃗p ·

∂

∂s
e⃗q

)
.

Èç (6) ïðè γ = p, β = s, α = q:

e⃗p ·
∂

∂s
e⃗q =

Hs

Hq
e⃗p ·

∂

∂q
e⃗s. (12)

Òîãäà

e⃗p · rot F⃗ =
1

HqHs

(
∂

∂q
(HsFs)−

∂

∂s
(HqFq)

)
− 1

HqHs
Fpe⃗p ·

(
Hs

∂

∂q
e⃗s −Hq

Hs

Hq

∂

∂q
e⃗s

)
=

=
1

HqHs

(
∂

∂q
(HsFs)−

∂

∂s
(HqFq)

)
. (13)

Àíàëîãè÷íî,

e⃗q · rot F⃗ =
1

HpHs

(
∂

∂s
(HpFp)−

∂

∂p
(HsFs)

)
, (14)

e⃗s · rot F⃗ =
1

HpHq

(
∂

∂p
(HqFq)−

∂

∂q
(HpFp)

)
, (15)

è òîãäà

rot F⃗ = e⃗p

(
e⃗p · rot F⃗

)
+ e⃗q

(
e⃗q · rot F⃗

)
+ e⃗s

(
e⃗s · rot F⃗

)
=

= e⃗p
1

HqHs

(
∂

∂q
(HsFs)−

∂

∂s
(HqFq)

)
+ e⃗q

1

HpHs

(
∂

∂s
(HpFp)−

∂

∂p
(HsFs)

)
+ e⃗s

1

HpHq

(
∂

∂p
(HqFq)−

∂

∂q
(HpFp)

)
=

=
1

HpHqHs

[
e⃗pHp

(
∂

∂q
(HsFs)−

∂

∂s
(HqFq)

)
− e⃗qHq

(
∂

∂p
(HsFs)−

∂

∂s
(HpFp)

)
+ e⃗sHs

(
∂

∂p
(HqFq)−

∂

∂q
(HpFp)

)]
=

(16)

=
1

HpHqHs

∣∣∣∣∣∣
Hpe⃗p ∂/∂p HpFp

Hq e⃗q ∂/∂q HqFq

Hse⃗s ∂/∂s HsFs

∣∣∣∣∣∣ .
Ïðèìåð �193 Íàéòè ðîòîð â öèëèíäðè÷åñêèõ êîîðäèíàòàõ:

F⃗ = cosφe⃗r −
sinφ

r
e⃗φ + r2e⃗z. (17)

Â öèëèíäðè÷åñêèõ êîîðäèíàòàõ
Hr = 1, Hφ = r, Hz = 1,

rot F⃗ =
1

HrHφHz

∣∣∣∣∣∣
Hr e⃗r ∂/∂r HrFr

Hφe⃗φ ∂/∂φ HφFφ

Hz e⃗z ∂/∂z HzFz

∣∣∣∣∣∣ = 1

r

∣∣∣∣∣∣
e⃗r ∂/∂r Fr

re⃗φ ∂/∂φ rFφ

e⃗z ∂/∂z Fz

∣∣∣∣∣∣ . (18)

2



Â íàøåì ñëó÷àå

rot F⃗ =
1

r

∣∣∣∣∣∣
e⃗r ∂/∂r cosφ

re⃗φ ∂/∂φ − sinφ
r r

e⃗z ∂/∂z r2

∣∣∣∣∣∣ = 1

r

∣∣∣∣∣∣
e⃗r ∂/∂r cosφ
re⃗φ ∂/∂φ − sinφ
e⃗z ∂/∂z r2

∣∣∣∣∣∣ =
=

1

r

{
e⃗r

[
∂

∂φ

(
r2
)
− ∂

∂z
(− sinφ)

]
− re⃗φ

[
∂

∂r

(
r2
)
− ∂

∂z
cosφ

]
+ e⃗z

[
∂

∂r
(− sinφ)− ∂

∂φ
cosφ

]}
= (19)

=
1

r

{
−re⃗φ

[
∂

∂r

(
r2
)]

+ e⃗z

[
− ∂

∂φ
cosφ

]}
=

1

r
{−re⃗φ [2r] + e⃗z [sinφ]} = −2re⃗φ +

sinφ

r
e⃗z

3 Ëàïëàñèàí

gradu =
u′
p

Hp
e⃗p +

u′
q

Hq
e⃗q +

u′
s

Hs
e⃗s, (20)

div F⃗ =
1

HpHqHs

[
∂

∂p
(HqHsFp) +

∂

∂q
(HpHsFq) +

∂

∂s
(HpHqFs)

]
; (21)

Ïîäñòàâëÿåì îäíî â äðóãîå:

∆u = div (gradu) = div

(
u′
p

Hp
e⃗p +

u′
q

Hq
e⃗q +

u′
s

Hs
e⃗s

)
=

1

HpHqHs

[
∂

∂p

(
HqHs

u′
p

Hp

)
+

∂

∂q

(
HpHs

u′
q

Hq

)
+

∂

∂s

(
HpHq

u′
s

Hs

)]
=

=
1

HpHqHs

[
HqHs

Hp

∂

∂p

(
u′
p

)
+

HpHs

Hq

∂

∂q

(
u′
q

)
+

HpHq

Hs

∂

∂s
(u′

s) + u′
p

∂

∂p

(
HqHs

Hp

)
+ u′

q

∂

∂q

(
HpHs

Hq

)
+ u′

s

∂

∂s

(
HpHq

Hs

)]
=

(22)

=

[
1

H2
p

u′′
pp +

1

H2
q

u′′
qq +

1

H2
s

u′′
ss

]
+

1

HpHqHs

[
u′
p

∂

∂p

(
HqHs

Hp

)
+ u′

q

∂

∂q

(
HpHs

Hq

)
+ u′

s

∂

∂s

(
HpHq

Hs

)]
.

Ïðèìåð �199 Äàíî ñêàëÿðíîå ïîëå â öèëèíäðè÷åñêèõ êîîðäèíàòàõ:

u = r2φ+ z2φ3 − rφz (23)

Íàéòè ∆u.
Â öèëèíäðè÷åñêèõ êîîðäèíàòàõ

∆u =

[
1

H2
p

u′′
pp +

1

H2
q

u′′
qq +

1

H2
s

u′′
ss

]
+

1

HpHqHs

[
u′
p

∂

∂p

(
HqHs

Hp

)
+ u′

q

∂

∂q

(
HpHs

Hq

)
+ u′

s

∂

∂s

(
HpHq

Hs

)]
=

=

[
1

H2
r

u′′
rr +

1

H2
φ

u′′
φφ +

1

H2
z

u′′
zz

]
+

1

HrHφHz

[
u′
r

∂

∂r

(
HφHz

Hr

)
+ u′

φ

∂

∂φ

(
HrHz

Hφ

)
+ u′

z

∂

∂z

(
HrHφ

Hz

)]
=

=

[
u′′
rr +

1

r2
u′′
φφ + u′′

zz

]
+

1

r

[
u′
r

∂

∂r
r + u′

φ

∂

∂φ

1

r
+ u′

z

∂

∂z
r

]
= (24)

= u′′
rr +

1

r2
u′′
φφ + u′′

zz +
1

r
u′
r.

Â íàøåì ñëó÷àå
u′
r = 2rφ− φz, u′′

rr = 2φ, (25)

u′
φ = r2 + 3z2φ2 − rz, u′′

φφ = 6z2φ, (26)

u′
z = 2zφ3 − rφ, u′′

zz = 2φ3; (27)

∆u = u′′
rr +

1

r2
u′′
φφ + u′′

zz +
1

r
u′
r = 2φ+

1

r2
6z2φ+ 2φ3 +

1

r
(2rφ− φz) =

= 2φ+ 6
z2φ

r2
+ 2φ3 + 2φ− φz

r
= 2φ3 + 4φ− φz

r
+ 6

z2φ

r2
. (28)
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