
1 Ïîëåçíûå èíòåãðàëû

cosα cosβ =
1

2
[cos (α+ β) + cos (α− β)] , (1)

k, n ∈ Z; k, n ⩾ 0:
π̂

−π

cos kx cosnxdx =

π̂

−π

1

2
[cos (k + n)x+ cos (k − n)x] dx = (2)

=
1

2

[
sin (k + n)x

k + n
+

sin (k − n)x

k − n

]∣∣∣∣π
−π

=
1

2

[
sin (k + n)π

k + n
+

sin (k − n)π

k − n
+

sin (k + n)π

k + n
+

sin (k − n)π

k − n

]
= 0,

k + n ̸= 0 k − n ̸= 0.
1) k + n ̸= 0, k − n ̸= 0 (óæå ðàññìîòðåëè),
2) k + n = 0, k − n ̸= 0 ,
3) k + n ̸= 0, k − n = 0 ,
4) k + n = 0, k − n = 0 .
Ïóñòü k + n = 0, k = −n. k, n ⩾ 0 =⇒ k = n = 0, k − n = 0. Çíà÷èò, ìû ðàññìàòðèâàåì ÷åòâ¼ðòûé ñëó÷àé, à âòîðîé

íåâîçìîæåí.
π̂

−π

cos kx cosnxdx =

π̂

−π

1 · 1dx = 2π. (3)

Òðåòèé ñëó÷àé, k = n ̸= 0:
π̂

−π

cos kx cosnxdx =

π̂

−π

cos2 kx dx =

π̂

−π

1− sin (2kx)

2
dx =

=

[
x

2
+

cos (2kx)

4k

]∣∣∣∣π
−π

= π +
cos (2kπ)

4k
− cos (2kπ)

4k
= π. (4)

Èòàê,
π̂

−π

cos kx cosnxdx =

 0, k ̸= n,
π, k = n ̸= 0,
2π, k = n = 0.

(5)

Çàäàíèå: àíàëîãè÷íî ïîëó÷èòü âñåâîçìîæíûå ðåçóëüòàòû äëÿ èíòåãðàëîâ

π̂

−π

sin kx sinnxdx è

π̂

−π

sin kx cosnxdx. (6)

2 Ðÿä Ôóðüå íà îäíîì îáîðîòå

Ïóñòü íà x ∈ [−π, π]

f (x) =

∞∑
n=0

(an cosnx+ bn sinnx) (7)

(ðÿä Ôóðüå).

f (x) cos kx =

∞∑
n=0

(an cosnx cos kx+ bn sinnx cos kx) (8)

k > 0:
π̂

−π

f (x) cos kxdx =

π̂

−π

∞∑
n=0

(an cosnx cos kx+ bn sinnx cos kx) dx = (9)

=

∞∑
n=0

an π̂

−π

cosnx cos kxdx+ bn

π̂

−π

sinnx cos kxdx

 =

∞∑
n=0

(anπδnk + bn · 0) = πak.

ak =
1

π

π̂

−π

f (x) cos kxdx. (10)
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π̂

−π

f (x) dx =

π̂

−π

∞∑
n=0

(an cosnx+ bn sinnx) dx =

π̂

−π

a0dx+

∞∑
n=1

an π̂

−π

cosnxdx+ bn

π̂

−π

sinnxdx

 = 2πa0, (11)

a0 =
1

2π

π̂

−π

f (x) dx (12)

(Îò îáîçíà÷åíèé â Äåìèäîâè÷å ìîè îòëè÷àþòñÿ ðàñïîëîæåíèåì 1
2 ïðè a0).

f (x) sin kx =

∞∑
n=0

(an cosnx sin kx+ bn sinnx sin kx) , (13)

π̂

−π

f (x) sin kxdx =

π̂

−π

∞∑
n=0

(an cosnx sin kx+ bn sinnx sin kx) dx = (14)

=

∞∑
n=0

an π̂

−π

cosnx sin kxdx+ bn

π̂

−π

sinnx sin kxdx

 =

∞∑
n=0

(an · 0 + bnπδnk) = bkπ,

bk =
1

π

π̂

−π

f (x) sin kxdx. (15)

çàìåíèì îáðàòíî:

an =
1

π

π̂

−π

f (y) cosnydy, a0 =
1

2π

π̂

−π

f (y) dy, (16)

bn =
1

π

π̂

−π

f (y) sinnydy. (17)

Çàäàíèå: ïîíÿòü, ïî÷åìó ìû íå èùåì b0.

3 Ðÿä Ôóðüå íà ñèììåòðè÷íîì îòðåçêå

Ïóñòü x ∈ [−l, l] Ââåä¼ì

y =
πx

l
, x =

ly

π
, (18)

g (y) = f (x) = f

(
ly

π

)
. (19)

g (y) =

∞∑
n=0

(an cosny + bn sinny) , (20)

ãäå

an =
1

π

π̂

−π

g (y) cosnydy, a0 =
1

2π

π̂

−π

g (y) dy, bn =
1

π

π̂

−π

g (y) sinnydy. (21)

Îáðàòíî:

f (x) =

∞∑
n=0

(
an cos

πnx

l
+ bn sin

πnx

l

)
, (22)

an =
1

π

π̂

−π

g (y) cosnydy =
1

π

π̂

−π

f (x) cosn
πx

l
d
πx

l
=

1

l

lˆ

−l

f (x) cos
πnx

l
dx, (23)

a0 =
1

2π

π̂

−π

g (y) dy =
1

2π

π̂

−π

f (x) d
πx

l
=

1

2l

lˆ

−l

f (x) dx, (24)

bn =
1

π

π̂

−π

g (y) sinnydy =
1

π

π̂

−π

f (x) sinn
πx

l
d
πx

l
=

1

l

lˆ

−l

f (x) sin
πnx

l
dx. (25)
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4 Ïåðèîäè÷íîñòü ðÿäà

5 ×¼òíîñòü

Ïóñòü φ (−x) = −φ (x). Òîãäà
aˆ

−a

φ (x) dx =

0ˆ

−a

φ (x) dx+

aˆ

0

φ (x) dx = (26)

x = −y; x = y

= −
0ˆ

a

φ (−y) dy +
aˆ

0

φ (y) dy = −
aˆ

0

φ (y) dy +

aˆ

0

φ (y) dy = 0.

Ïóñòü òåïåðü ψ (−x) = ψ (x). Òîãäà
aˆ

−a

ψ (x) dx =

0ˆ

−a

ψ (x) dx+

aˆ

0

ψ (x) dx = (27)

= −
0ˆ

a

ψ (−y) dy +
aˆ

0

ψ (y) dy =

aˆ

0

ψ (y) dy +

aˆ

0

ψ (y) dy =

aˆ

0

ψ (y) dy.

Äëÿ ÷¼òíîé ôóíêöèè f (x)

an =
1

l

lˆ

−l

f (x) cos
πnx

l
dx =

2

l

lˆ

0

f (x) cos
πnx

l
dx, (28)

a0 =
1

2l

lˆ

−l

f (x) dx =
1

l

lˆ

0

f (x) dx, (29)

bn =
1

l

lˆ

−l

f (x) sin
πnx

l
dx = 0. (30)

Åñëè æå ôóíêöèÿ f (x) íå÷¼òíà,

an =
1

l

lˆ

−l

f (x) cos
πnx

l
dx = 0, (31)
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a0 =
1

2l

lˆ

−l

f (x) dx = 0, (32)

bn =
1

l

lˆ

−l

f (x) sin
πnx

l
dx =

2

l

lˆ

0

f (x) sin
πnx

l
dx. (33)

5.1 Ïðèìåð: �2944

Ðàçëîæèòü â ðÿä Ôóðüå â èíòåðâàëå [−π, π] ôóíêöèþ f (x) = π2 − x2.
l = π, f (x) ÷¼òíà:

f (−x) = π2 − (−x)2 = π2 − x2 = f (x) , (34)

ïîýòîìó bn = 0.

a0 =
1

2π

π̂

−π

(
π2 − x2

)
dx =

1

2π

(
π2x− x3

3

)∣∣∣∣π
−π

=
1

2π

[(
π2π − π3

3

)
−

(
π2 (−π)− (−π)3

3

)]
=

2

3
π2 (35)

an =
1

π

π̂

−π

(
π2 − x2

)
cosnxdx =

1

πn

π̂

−π

(
π2 − x2

)
sin′ nxdx =

=
1

πn

(
π2 − x2

)
sinnx

∣∣π
−π

− 1

πn

π̂

−π

(
π2 − x2

)′
sinnxdx =

2

πn

π̂

−π

x sinnxdx = − 2

πn2

π̂

−π

x cos′ nxdx = (36)

= − 2

πn2
x cosnx|π−π +

2

πn2

π̂

−π

x′ cosnxdx = − 2

πn2
x cosnx|π−π +

2

πn3
sinnx|π−π = − 2

πn2
[π cosnπ − (−π) cosn (−π)] =

= − 2

πn2
[π − (−π)] cosnπ = (−1)

n+1 4

n2
.

Ñ òàêèìè êîýôôèöèåíòàìè

f (x) = π2 − x2 =

∞∑
n=0

(
an cos

πnx

l
+ bn sin

πnx

l

)
= a0 +

∞∑
n=0

an cosnx =
2

3
π2 +

∞∑
n=0

4
(−1)

n+1

n2
cosnx. (37)

Êñòàòè, ïðè x = π: cosnx = (−1)
n
,

f (π) = π2 − π2 = 0 =
2

3
π2 +

∞∑
n=0

4
(−1)

n+1

n2
(−1)

n
=

2

3
π2 − 4

∞∑
n=0

1

n2
, (38)

4

∞∑
n=0

1

n2
=

2

3
π2, (39)

∞∑
n=0

1

n2
=
π2

6
. (40)

Çàäàíèå: ðåøèòü ñàìîñòîÿòåëüíî � 2940, 2942, 2948, 2951.
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