
1 Îäíîðîäíûå óðàâíåíèÿ

u (x, y, z)
Pu′x +Qu′y +Ru′z = 0 (1)

dx

P
=
dy

Q
=
dz

R
(2){

φ (x, y, z) = C1

ψ (x, y, z) = C2
(3)

U = F (φ (x, y, z) , ψ (x, y, z)) , ∀F (u, v) (4)
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(x− z)
∂u

∂x
+ (y − z)

∂u

∂y
+ 2z

∂u

∂z
= 0 (5)

dx

x− z
=

dy

y − z
=
dz

2z
(6)

a1
b1

=
a2
b2

= . . . =
an
bn

= κ (7)
a1 = κb1
a2 = κb2

· · · · · · · · · · · ·
an = κbn

(8)

+


a1 = κb1| · k1
a2 = κb2| · k2
· · · · · · · · · · · ·
an = κbn| · kn

(9)

a1k1 + . . .+ ankn = κb1k1 + . . .+ κbnkn (10)

a1
b1

=
a2
b2

= . . . =
an
bn

= κ =
a1k1 + . . .+ ankn
b1k1 + . . .+ bnkn

(11)

Âåðí¼ìñÿ ê óðàâíåíèþ
dx

x− z
=

dy

y − z
=
dz

2z
=
dx− dy

x− y
=
dy + dz

y + z
(12)

1)
dz

2z
=
dx− dy

x− y
(13)

1

2
d ln |z| = d ln |x− y| (14)

ln |z| = 2 ln |x− y|+ C̃1 (15)

ln

∣∣∣∣∣ z

(x− y)
2

∣∣∣∣∣ = C̃1 (16)

z

(x− y)
2 = C1 (17)

2)
dx− dy

x− y
=
dy + dz

y + z
(18)

d ln |x− y| = d ln |y + z| (19)

x− y

y + z
= C2 (20)

Îòâåò: u = F
(

z
(x−y)2

, x−y
y+z

)
Ïðîâåðêà:

u′x = F ′
1

(
z

(x− y)
2

)′

x

+ F ′
2

(
x− y

y + z

)′

x

= −2
z

(x− y)
3F

′
1 +

1

y + z
F ′
2 (21)

u′y = F ′
1

(
z

(x− y)
2

)′

y

+ F ′
2

(
x− y

y + z

)′

y

= F ′
1

−2z

(x− y)
3 (−1) + F ′

2

(
x− y − z + z

y + z

)′

y

=

=
2z

(x− y)
3F

′
1 + F ′

2

(
x+ z

y + z
− 1

)′

y

=
2z

(x− y)
3F

′
1 −

x+ z

(y + z)
2F

′
2 (22)

1



u′z = F ′
1

(
z

(x− y)
2

)′

z

+ F ′
2

(
x− y

y + z

)′

z

=
1

(x− y)
2F

′
1 −

x− y

(y + z)
2F

′
2 (23)

(x− z)u′x + (y − z)u′y + 2zu′z = (x− z)

[
−2

z

(x− y)
3F

′
1 +

1

y + z
F ′
2

]
+

+(y − z)

[
2z

(x− y)
3F

′
1 −

x+ z

(y + z)
2F

′
2

]
+ 2z

[
1

(x− y)
2F

′
1 −

x− y

(y + z)
2F

′
2

]
=

= [−2z (x− z) + (y − z) 2z + 2z (x− y)]
F ′
1

(x− y)
3+ (24)

+ [(x− z) (y + z)− (x+ z) (y − z)− (x− y) 2z]
F ′
2

(y + z)
2 =

= 2z [−x+ z + y − z + x− y]
F ′
1

(x− y)
3+

+ [y (x− z) + z (x− z) + z (x+ z)− y (x+ z)− 2z (x− y)]
F ′
2

(y + z)
2 =

=
[
xy − zy + xz − z2 + zx+ z2 − yx− yz − 2zx+ 2zy

] F ′
2

(y + z)
2 =

=
[(
z2 − z2 + xy − yx

)
+ (2zy − zy − yz) + (xz + zx− 2zx)

] F ′
2

(y + z)
2 = 0

Âåðíî.
Çàäàíèå: �1169.

2 Íåîäíîðîäíûå óðàâíåíèÿ

z (x, y)
Pz′x +Qz′y = R (25)

dx

P
=
dy

Q
=
dz

R
(26){

φ (x, y, z) = C1

ψ (x, y, z) = C2
(27)

U = F {φ [x, y, z (x, y)] , ψ [x, y, z (x, y)]} = C (28)

φ (x, y, z) = f (ψ (x, y, z)) , ∀f (u) (29)
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x
∂z

∂x
+ 2y

∂z

∂y
= x2y + z (30)

dx

x
=
dy

2y
=

dz

x2y + z
(31)

dx

x
=
dy

2y
, 2 ln |x| − ln |y| = C̃1, ln

x2

|y|
= C̃1,

x2

y
= C1 (32)

dy

2y
=

dz

C1y2 + z
,

C1y
2 + z

2y
=
dz

dy
(33)

dz

dy
− z

2y
=
C1

2
y (34)

ëèíåéíîå
dz0
dy

− z0
2y

= 0,
dz0
z0

=
dy

2y
, z0 =

√
|y| (35)

z = z0z1 =
√

|y|z1 (36)

sgn y
z1

2
√
|y|

+
√
|y|z′1 −

√
|y|z1
2y

=
C1

2
y

∣∣∣∣∣ 1√
|y|

(37)

sgn y
z1

2
√
|y|

2 + z′1 −
z1
2y

=
C1y

2
√

|y|
= sgn y

C1 |y|
2
√
|y|

= sgn y
C1

2

√
|y| (38)

z′1 = sgn y
C1

2

√
|y|, z1 =

C1

3
|y|3/2 + C2, z =

√
|y|z1 =

√
|y|
(
C1

3
|y|3/2 + C2

)
=

2



=

x2

y

3
y2 + C2

√
|y| = 1

3
x2y + C2

√
|y| (39)

3z − x2y

3
√

|y|
= C2 (40) φ = x2

y = C1,

ψ = 3z−x2y

3
√

|y|
= C2.

(41)

z ñâÿçàí ñ x è y óðàâíåíèåì
ψ = f (φ) (42)

3z − x2y

3
√

|y|
= f

(
x2

y

)
, (43)

∀f .

z =
√

|y|f
(
x2

y

)
+

1

3
x2y (44)

Äëÿ ïðîâåðêè ïðîäèôôåðåíèðóåì

z′x =
√
|y|f ′

(
x2

y

)
2x

y
+

2

3
xy (45)

z′y =
sgn y

2
√
|y|
f

(
x2

y

)
−
√
|y|f ′

(
x2

y

)
x2

y2
+

1

3
x2 (46)

è ïîäñòàâèì â èñõîäíîå óðàâíåíèå

x
∂z

∂x
+ 2y

∂z

∂y
= x2y + z (47)

ïîëó÷åííîå:

x

[√
|y|f ′

(
x2

y

)
2x

y
+

2

3
xy

]
+ 2y

[
sgn y

2
√
|y|
f

(
x2

y

)
−
√
|y|f ′

(
x2

y

)
x2

y2
+

1

3
x2

]
−
[
x2y +

√
|y|f

(
x2

y

)
+

1

3
x2y

]
=

=
2x2

y

√
|y|f ′

(
x2

y

)
− 2x2

y

√
|y|f ′

(
x2

y

)
+ 2y

sgn y

2
√

|y|
f

(
x2

y

)
+

4

3
x2y − 4

3
x2y −

√
|y|f

(
x2

y

)
= (48)

=
|y|√
|y|
f

(
x2

y

)
−
√
|y|f

(
x2

y

)
= 0,

÷òî è ò.ä.
Çàäàíèå: �1174.

3 Äîï. óñëîâèÿ

Ïðèìåð: �1196 Íàéòè ïîâåðõíîñòü, óäîâëåòâîðÿþùóþ óðàâíåíèþ

x
∂z

∂x
+ y

∂z

∂y
= z − xy, (49)

è ïðîõîäÿùóþ ÷åðåç ëèíèþ
x = 2, z = y2 + 1. (50)

Ñîñòàâèì ñèñòåìó
dx

x
=
dy

y
=

dz

z − xy
(51)

è íà÷í¼ì å¼ ðåøàòü.
dx

x
=
dy

y
,

dx

x
− dy

y
= 0, ln |x| − ln |y| = C̃1,

x

y
= C1 (52)

dy

y
=

dz

z − xy
=

dz

z − C1y2
(53)(

z − C1y
2
)
dy = ydz, −C1y

2dy = ydz − zdy (54)

−C1dy =
ydz − zdy

y2
= d

z

y
, d

z

y
+ C1dy = 0 (55)

z

y
+
x

y
y = C2 (56){

φ = x
y = C1

ψ = z
y + x = C2

(57)

3



Åñëè ïîâåðõíîñòü ψ = f (φ) ïðîõîäèò ÷åðåç ëèíèþ x = 2, z = y2 + 1, òî íà ýòîé ëèíèè{
φ = 2

y

ψ = y2+1
y + 2

(58)

y =
2

φ
,

(
2
φ

)2
+ 1

2
φ

+ 2 = ψ, (59)

4
φ + φ

2
+ 2 = ψ (60)

4

φ
+ φ− 2ψ + 4 = 0 (61)

4
x
y

+
x

y
− 2

(
z

y
+ x

)
+ 4 = 0 (62)

4y

x
+
x

y
− 2

z

y
− 2x+ 4 = 0. (63)

Ïðîâåðÿåì. Íà ëèíèè
x = 2, z = y2 + 1 (64)

ïîëó÷àåòñÿ

2y +
2

y
− 2

y2 + 1

y
= 0. (65)

2y − 2y = 0. (66)

Ïðîèçâîäíûå:

−4y

x2
+

1

y
− 2

z′x
y

− 2 = 0, z′x = −2y2

x2
+

1

2
− y (67)

4

x
− x

y2
− 2

z′y
y

+ 2
z

y2
= 0, z′y =

2y

x
− x

2y
+
z

y
(68)

Ïîäñòàâëÿåì â äèô. óðàâíåíèå:

x

(
−2y2

x2
+

1

2
− y

)
+ y

(
2y

x
− x

2y
+
z

y

)
= z − xy, (69)

−2y2

x
+
x

2
− xy +

2y2

x
− x

2
+ z = z − xy, (70)

−xy + z = z − xy, (71)

è âñ¼ ñõîäèòñÿ.
Çàäàíèå: �1194 è 1195
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