
U (x, y) � èñêîìàÿ ôóíêöèÿ
aUxx + 2bUxy + cUyy +Φ(Ux, Uy, U, x, y) = 0 (1)

1 Çàìåíà ïåðåìåííûõ {
s = s (x, y) ,
t = t (x, y) .

(2)

∂

∂x
= sx

∂

∂s
+ tx

∂

∂t
(3)

∂

∂y
= sy

∂

∂s
+ ty

∂

∂t
(4)

Uxx =
∂

∂x
Ux =

∂

∂x
(sxUs + txUt) = sxxUs + sx

∂

∂x
Us + txxUt + tx

∂

∂x
Ut =

= sxxUs + sx (sxUss + txUst) + txxUt + tx (sxUts + txUtt) = (5)

= s2xUss + 2sxtxUst + t2xUtt + sxxUs + txxUt.

Àíàëîãè÷íî
Uyy = s2yUss + 2sytyUst + t2yUtt + syyUs + tyyUt. (6)

Ñìåøàííàÿ ïðîèçâîäíàÿ:

Uxy =
∂

∂y
Ux =

∂

∂y
(sxUs + txUt) = sxyUs + sx

∂

∂y
Us + txyUt + tx

∂

∂y
Ut =

= sxyUs + sx (syUss + tyUst) + txyUt + tx (syUts + tyUtt) = (7)

= sxsyUss + (sxty + sytx)Ust + txtyUtt + sxyUs + txyUt.

Óðàâíåíèå ïðåâðàòèòñÿ â
āUss + 2b̄Ust + c̄Utt + Φ̄ (Us, Ut, U, x, y) = 0, (8)

ãäå
ā = as2x + 2bsxsy + cs2y (9)

b̄ = asxtx + b (sxty + sytx) + csyty (10)

c̄ = at2x + 2btxty + ct2y (11)

Φ̄ = Φ + a (sxxUs + txxUt) + 2b (sxyUs + txyUt) + c (syyUs + tyyUt) =

= Φ + (asxx + 2bsxy + csyy)Us + (atxx + 2btxy + ctyy)Ut (12)

2 Äèñêðèìèíàíò ïîëîæèòåëüíûé

Çà÷åì âñ¼ ýòî:
ā = 0 (13)

as2x + 2bsxsy + cs2y = 0

∣∣∣∣ 1s2y (14)

a

(
sx
sy

)2

+ 2b
sx
sy

+ c = 0 (15)

sx
sy

=
−b±

√
b2 − ac

a
(16)

λ1 =
−b+

√
b2 − ac

a
λ2 =

−b−
√
b2 − ac

a
(17)

sx
sy

= λ1 =⇒ sx − λ1sy = 0 (18)

ëèíåéíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ 1-ãî ïîðÿäêà

dx =
dy

−λ1
=⇒ φ (x, y) = C (19)

s = φ (x, y) (20)

Íî åñëè b2 − ac > 0 åñòü åù¼ λ2, à (9) àíàëîãè÷íî (11).

dx =
dy

−λ2
=⇒ ψ (x, y) = C (21)

t = ψ (x, y) =⇒ c̄ = 0 (22)

Ust +
1

2b̄
Φ̄ = 0, (23)

Òàêèå óðàâíåíèÿ íàçûâàþòñÿ óðàâíåíèÿìè ãèïåðáîëè÷åñêîãî òèïà.
Îñòàëîñü äâà âàðèàíòà: b2 − ac = 0 è b2 − ac < 0.
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3 Äèñêðèìèíàíò îòðèöàòåëüíûé

Ïóñòü b2 − ac < 0.
Òîãäà λ = α± iβ, ÷òî aλ2 + 2bλ+ c = 0. Ïóñòü λ = α+ iβ (äëÿ λ = α− iβ ïîëó÷àåòñÿ àíàëîãè÷íî):

aλ2 + 2bλ+ c = a (α+ iβ)
2
+ 2b (α+ iβ) + c = a

(
α2 + 2iαβ − β2

)
+ 2b (α+ iβ) + c = 0. (24)

Åñëè ðàçëîæèòü {
a
(
α2 − β2

)
+ 2bα+ c = 0,

aαβ + bβ = 0.
(25)

Ïîëîæèì òåïåðü, ÷òî ìû äëÿ íàéäåííîãî λ ðåøèëè óðàâíåíèå

φx − λφy = 0, (26)

íàøëè êîìïëåêñíîå φ,
s = Reφ t = Imφ (27)

φ = s+ it (28)

Óðàâíåíèå (26) ïðèîáðåòàåò òîãäà òàêîé âèä:

sx + itx − (α+ iβ) (sy + ity) = 0, (29)

èëè
sx + itx − αsy + βty − iβsy − iαty = 0. (30)

Òàê êàê êîìïëåêñíîå ÷èñëî ðàâíî íóëþ òîëüêî òîãäà, êîãäà íóëåâûìè ÿâëÿþòñÿ îáå åãî ÷àñòè, ìû ìîæåì âûðàçèòü
sx è tx: {

sx = αsy − βty,
tx = βsy + αty.

(31)

Âûïîëíèì ýòó ïîäñòàíîâêó â b̄ èç (10):

b̄ = a (αsy − βty) (βsy + αty) + b [(αsy − βty) ty + sy (βsy + αty)] + csyty =

= s2y (aαβ + bβ) + t2y (−aαβ − bβ) + syty
[
a
(
α2 − β2

)
+ 2bα+ c

]
= (32)

=
(
s2y − t2y

)
(aαβ + bβ) + syty

[
a
(
α2 − β2

)
+ 2bα+ c

]
.

Îáà ñëàãàåìûõ ðàâíû íóëþ ñîãëàñíî (25), çíà÷èò, b̄ = 0:

āUss + c̄Utt + Φ̄ (Us, Ut, U, x, y) = 0 (33)

(óðàâíåíèå ýëëèïòè÷åñêîãî òèïà)

4 Äèñêðèìèíàíò íóëåâîé

Íàêîíåö, b2 − ac = 0
Â ýòîì ñëó÷àå s íàõîäèòñÿ èç óðàâíåíèÿ sx − λsy = 0, ÷òî ïîçâîëÿåò çàìåíèòü sx = λsy:

b̄ = aλsytx + b (λsyty + sytx) + csyty = sy [tx (aλ+ b) + ty (bλ+ c)] . (34)

Ò.ê. b2 − ac = 0,

λ =
−b±

√
b2 − ac

a
= − b

a
.

Ïîäñòàâèâ ýòî çíà÷åíèå â (34), ïîëó÷èì, ÷òî

b̄ = sy

[
tx

(
−ab
a

+ b

)
+ ty

(
−b

2

a
+ c

)]
= sy

[
tx (−b+ b)− ty

a

(
b2 − ac

)]
= sy [tx · 0− ty · 0] = 0.

Â èòîãå

Utt +
1

c̄
Φ̄ (Us, Ut, U, x, y) = 0 (35)

(óðàâíåíèå ïàðàáîëè÷åñêîãî òèïà)
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5 Ïðèìåð: Äàèøåâ, Íèêèòèí �7

Uxx − 2 sinxUxy − cos2 xUyy − cosxUy = 0 (36)

a = 1, b = − sinx, c = − cos2 x, Φ = − cosxUy (37)

b2 − ac = sin2 x−
(
− cos2 x

)
= 1 > 0 (38)

Ãèïåðáîëè÷åñêîå.
λ1 = sinx− 1, λ2 = sinx+ 1 (39)

sx − λ1sy = sx − (sinx− 1) sy = 0 (40)

dx

1
= − dy

sinx− 1
(41)

− (sinx− 1) dx = dy (42)

cosx+ x− y = C1 (43)

s = cosx+ x− y (44)

sx = − sinx+ 1, sy = −1 (45)

tx − λ2ty = tx − (sinx+ 1) ty = 0 (46)

dx

1
= − dy

sinx+ 1
(47)

− (sinx+ 1) dx = dy (48)

cosx− x− y = C1 (49)

t = cosx− x− y (50)

tx = − sinx− 1, ty = −1 (51)

b̄ = asxtx + b (sxty + sytx) + csyty = sxtx − sinx (sxty + sytx)− cos2 xsyty =

= (− sinx+ 1) (− sinx− 1)− sinx (− (− sinx+ 1)− (− sinx− 1))− cos2 x = (52)

= (− sinx)
2 − 1− 2 sin2 x− cos2 x = − sin2 x− cos2 x− 1 = −2

Φ = − cosxUy = − cosx (Ussy + Utty) = cosx (Us + Ut)

Φ̄ = Φ + (asxx + 2bsxy + csyy)Us + (atxx + 2btxy + ctyy)Ut = (53)

= cosx (Us + Ut) + sxxUs + txxUt = cosx (Us + Ut)− cosxUs − cosxUt = 0

−4Ust = 0 (54)

U = φ (s) + ψ (t) = φ (cosx+ x− y) + ψ (cosx− x− y) (55)
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