
Ö =

˛

C

F⃗ · d⃗l, A =

ˆ

AB

F⃗ · d⃗l (1)

Àí÷èêîâ, �105
Íàéòè öèðêóëÿöèþ âåêòîðà

F⃗ =

 y2

xy
x2 + y2

 (2)

ïî êîíòóðó, âûðåçàåìîìó â ïåðâîì îêòàíòå èç ïàðàáîëîèäà x2 + y2 = az ïëîñêîñòÿìè x = 0, y = 0, z = a â ïîëîæè-
òåëüíîì íàïðàâëåíèè îòíîñèòåëüíî âíåøíåé íîðìàëè ïàðàáîëîèäà.
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1 Ðåøåíèå â ëîá

Ö =

˛

C

F⃗ · d⃗l =
ˆ

OA

F⃗ · d⃗l +
ˆ

AB

F⃗ · d⃗l +
ˆ

BO

F⃗ · d⃗l (3)

1.1 OA

x = 0, y2 = az, z = y2

a , 0 ⩽ y ⩽ a

F⃗ =

 y2

0
y2

 , r⃗ =

 x
y
z

 =

 0
y
y2

a

 , d⃗l = r⃗′ydy =

 0
1
2y
a

 dy (4)

F⃗ · d⃗l =

 y2

0
y2

 ·

 0
1
2y
a

 dy =
2y3

a
dy (5)

ˆ

OA

F⃗ · d⃗l =
aˆ

0

2y3

a
dy =

2y4

4a

∣∣∣∣a
0

=
a4

2a
=

a3

2
. (6)
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1.2 AB

z = a, x2 + y2 = a2, x ⩾ 0, y ⩾ 0:

{
x = a cosφ,
y = a sinφ.

(7)

φ =
π

2
− t, 0 ⩽ t ⩽

π

2
: (8){

x = a sin t,
y = a cos t.

(9)

F⃗ =

 y2

xy
x2 + y2

 =

 a2 cos2 t
a2 sin t cos t

a2

 = a2

 cos2 t
sin t cos t

1

 (10)

r⃗ =

 x
y
z

 =

 a sin t
a cos t

a

 , d⃗l = r⃗′tdy = a

 cos t
− sin t

0

 dy (11)

F⃗ · d⃗l = a2

 cos2 t
sin t cos t

1

 · a

 cos t
− sin t

0

 dy = a3
(
cos3 t− sin2 t cos t

)
dt = a3

(
1− 2 sin2 t

)
cos tdt (12)

ˆ

AB

F⃗ · d⃗l =
π/2ˆ

0

a3
(
1− 2 sin2 t

)
cos tdt = (13)

sin t = s

= a3
1ˆ

0

(
1− 2s2

)
ds = a3

(
s− 2

s3

3

)∣∣∣∣1
0

= a3
(
1− 2

3

)
=

a3

3
.
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1.3 BO

y = 0, x2 = az, z = x2

a , 0 ⩽ x ⩽ a

x = a− t, 0 ⩽ t ⩽ a, z =
(a− t)

2

a
(14)

F⃗ =

 y2

xy
x2 + y2

 =

 0
0
x2

 =

 0
0

(a− t)
2

 , r⃗ =

 a− t
0

(a−t)2

a

 , d⃗l = r⃗′tdt =

 −1
0

− 2
a (a− t)

 dt (15)

F⃗ · d⃗l =

 0
0

(a− t)
2

 ·

 −1
0

− 2
a (a− t)

 dt = −2

a
(a− t)

3
dt (16)

ˆ

OA

F⃗ · d⃗l =
aˆ

0

−2

a
(a− t)

3
dt =

2

a

(a− t)
4

4

∣∣∣∣∣
a

0

=
2

a

[
0− (a)

4

4

]
= −a3

2
. (17)

Èòîãî

Ö =

ˆ

OA

F⃗ · d⃗l +
ˆ

AB

F⃗ · d⃗l +
ˆ

BO

F⃗ · d⃗l = a3

2
+

a3

3
− a3

2
=

a3

3
. (18)

2 Ðåøåíèå ÷åðåç ôîðìóëó Ñòîêñà

Ö =

˛

C

F⃗ · d⃗l =
¨

rot F⃗ · −→dS (19)

{
x = ρ cosφ,
y = ρ sinφ;

az = x2 + y2 = ρ2, (20)

0 ⩽ φ ⩽
π

2
, 0 ⩽ ρ ⩽ a (21)

r⃗ =

 x
y
z

 =

 ρ cosφ
ρ sinφ

ρ2

a

 r⃗′ρ =

 cosφ
sinφ
2ρ
a

 r⃗′φ =

 −ρ sinφ
ρ cosφ

0

 (22)

−→
dS =

[
r⃗′φ × r⃗′ρ

]
dφdρ =

∣∣∣∣∣∣
i⃗ −ρ sinφ cosφ

j⃗ ρ cosφ sinφ

k⃗ 0 2ρ
a

∣∣∣∣∣∣ dφdρ =

 2ρ2

a cosφ
2ρ2

a sinφ
−ρ

 dφdρ (23)
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rot F⃗ =

∣∣∣∣∣∣∣
i⃗ ∂

∂x y2

j⃗ ∂
∂y xy

k⃗ ∂
∂z x2 + y2

∣∣∣∣∣∣∣ =
 2y

−2x
−y

 =

 2ρ sinφ
−2ρ cosφ
−ρ sinφ

 (24)

rot F⃗ · −→dS =

 2ρ sinφ
−2ρ cosφ
−ρ sinφ

 ·

 2ρ2

a cosφ
2ρ2

a sinφ
−ρ

 dφdρ = (25)

=

[
��������
2ρ sinφ

2ρ2

a
cosφ−

��������
2ρ cosφ

2ρ2

a
sinφ+ ρ2 sinφ

]
dφdρ = ρ2 sinφdφdρ

Ö =

¨
rot F⃗ · −→dS =

aˆ

0

dρ

π/2ˆ

0

dφρ2 sinφ =

aˆ

0

ρ2dρ ·
π/2ˆ

0

sinφdφ =
ρ3

3

∣∣∣∣a
0

· (− cosφ)|π/20 = (26)

=
a3

3
[0− (−1)] =

a3

3
.
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