
1 Òåîðèÿ

J [y] =

x2ˆ

x1

F (x, y, y′) dx, (1)

x1, x2, y1, y2 íå ôèêñèðîâàíû

F ′
y −

d

dx
F ′
y′ = 0 → y = y (x,C1, C2) , (2){

y (x1, C1, C2) = y1
y (x2, C1, C2) = y2

→
{
C1 = C1 (x1, y1, x2, y2)
C2 = C2 (x1, y1, x2, y2)

(3)

ýêñòðåìóì ôóíêöèè îò 4-õ ïåðåìåííûõ:
J [y] = J [y (x1, y1, x2, y2)] (4)

δJ [y] = δ

x2ˆ

x1

F (x, y, y′) dx = F (x2, y, y
′) δx2 − F (x1, y, y

′) δx1 +

x2ˆ

x1

[
F ′
y (x, y, y

′) δy + F ′
y′ (x, y, y′) δy′

]
dx. (5)

Òàê êàê x ñàì ïî ñåáå íå çàâèñèò îò ñâîèõ ïðåäåëîâ,

δy = δy (x,C1, C2) = y′C1
(x,C1, C2) δC1 + y′C2

(x,C1, C2) δC2, (6)

δ (y′) = y′′xC1
δC1 + y′′xC2

δC2 =
d

dx

(
y′C1

δC1 + y′C2
δC2

)
= (δy)

′
(7)

Òîãäà:

δJ [y] = F (x2, y, y
′) δx2 − F (x1, y, y

′) δx1 +

x2ˆ

x1

F ′
y (x, y, y

′) δydx+ F ′
y′ (x, y, y′) δy

∣∣x2

x1
−

x2ˆ

x1

d

dx
F ′
y′ (x, y, y′) δydx =

= F |x=x2
δx2 − F |x=x1

δx1 + F ′
y′δy

∣∣
x=x2

− F ′
y′δy

∣∣
x=x1

+

x2ˆ

x1

(
F ′
y −

d

dx
F ′
y′

)
δydx = (8)

â ñèëó òîãî, ÷òî y(x) óäîâëåòâîðÿåò óðàâíåíèþ Ýéëåðà:

= F |x=x2
δx2 − F |x=x1

δx1 + F ′
y′δy

∣∣
x=x2

− F ′
y′δy

∣∣
x=x1

.
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Áåðÿ äèôôåðåíöèàë îò (3) ïîëó÷èì y′x|x=x1
δx1 +

[
y′C1

∣∣
x=x1

δC1 + y′C2

∣∣
x=x1

δC2

]
= δy1,

y′x|x=x2
δx2 +

[
y′C1

∣∣
x=x2

δC1 + y′C2

∣∣
x=x2

δC2

]
= δy2,

(9)

èñïîëüçóÿ (6), çàïèøåì{
y′x|x=x1

δx1 + δy|x=x1
= δy1

y′x|x=x2
δx2 + δy|x=x2

= δy2
=⇒

{
δy|x=x1

= δy1 − y′x|x=x1
δx1

δy|x=x2
= δy2 − y′x|x=x2

δx2
(10)

Oêîí÷àòåëüíî:
δJ [y] = F |x=x2

δx2 − F |x=x1
δx1 + F ′

y′

∣∣
x=x2

δy|x=x2
− F ′

y′

∣∣
x=x1

δy|x=x1
=

= F |x=x2
δx2 − F |x=x1

δx1 + F ′
y′

∣∣
x=x2

(
δy2 − y′x|x=x2

δx2
)
− F ′

y′

∣∣
x=x1

(
δy1 − y′x|x=x1

δx1
)
=

=
(
F − F ′

y′y′
)∣∣

x=x2
δx2 −

(
F − F ′

y′y′
)∣∣

x=x1
δx1 + F ′

y′

∣∣
x=x2

δy2 − F ′
y′

∣∣
x=x1

δy1. (11)

Òàê êàê â òî÷êå ýêñòðåìóìà ïåðâûé äèôôåðåíöèàë äîëæåí ðàâíÿòüñÿ íóëþ,(
F − F ′

y′y′
)∣∣

x=x2
δx2 −

(
F − F ′

y′y′
)∣∣

x=x1
δx1 + F ′

y′

∣∣
x=x2

δy2 − F ′
y′

∣∣
x=x1

δy1 = 0. (12)

1) ∀x1, x2, y1, y2: 
(
F − F ′

y′y′
)∣∣

x=x2
= 0(

F − F ′
y′y′

)∣∣
x=x1

= 0

F ′
y′

∣∣
x=x2

= 0

F ′
y′

∣∣
x=x1

= 0

(13)

2) y1 = φ (x1), y2 = ψ (x2):
δy1 = φ′ (x1) δx1, δy2 = ψ′ (x2) δx2, (14)(

F − F ′
y′y′

)∣∣
x=x2

δx2 −
(
F − F ′

y′y′
)∣∣

x=x1
δx1 + F ′

y′

∣∣
x=x2

ψ′ (x2) δx2 − F ′
y′

∣∣
x=x1

φ′ (x1) δx1 = 0, (15)(
F − F ′

y′y′ + F ′
y′ψ′)∣∣

x=x2
δx2 −

(
F − F ′

y′y′ + F ′
y′φ′)∣∣

x=x1
δx1 = 0, (16)

à òàê êàê ïðîèçâîëüíû δx1 è δx2: { [
F + F ′

y′ (φ′ − y′)
]∣∣

x=x1
= 0,[

F + F ′
y′ (ψ′ − y′)

]∣∣
x=x2

= 0,
(17)

÷òî è íàçûâàþò óñëîâèåì òðàíñâåðñàëüíîñòè.
3) ôèêñèðîâàíà íà÷àëüíàÿ A (x1, y1), ñâîáîäíà B (x2, y2):

δy1 = δx1 = 0, (18)
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èç (15): (
F − F ′

y′y′
)∣∣

x=x2
δx2 + F ′

y′

∣∣
x=x2

δy2 = 0, (19){ (
F − F ′

y′y′
)∣∣

x=x2
= 0,

F ′
y′

∣∣
x=x2

= 0.
(20)

2 Ïðèìåð: 5.2

Íàéòè êðàò÷àéøåå ðàññòîÿíèå ìåæäó ïàðàáîëîé y = x2 è ïðÿìîé x− y = 5.

L[y] =

x2ˆ

x1

√
1 + y′2dx, y1 = x21, x2 − y2 = 5 (21)

Ýêñòðåìàëü:

F =
√

1 + y′2 = F (y′) , − d

dx
F ′ (y′) = 0, F ′ (y′) = C̃1, y′ = C1, (22)

y = C1x+ C2. (23)

Óñëîâèÿ (17):

F =
√

1 + y′2 =
√
1 + C2

1 , F ′
y′ =

y′√
1 + y′2

=
C1√
1 + C2

1

, (24)

φ = x2, φ′ = 2x, ψ = x− 5, ψ′ = 1 (25){ [
F + F ′

y′ (φ′ − y′)
]∣∣

x=x1
= 0,[

F + F ′
y′ (ψ′ − y′)

]∣∣
x=x2

= 0,
(26)


[√

1 + C2
1 + C1√

1+C2
1

(2x− C1)

]∣∣∣∣
x=x1

= 0,[√
1 + C2

1 + C1√
1+C2

1

(1− C1)

]∣∣∣∣
x=x2

= 0,
(27)


√

1 + C2
1 + C1√

1+C2
1

(2x1 − C1) = 0,√
1 + C2

1 + C1√
1+C2

1

(1− C1) = 0,
(28)

{
1 + C2

1 +
(
2C1x1 − C2

1

)
= 0,

1 + C2
1 +

(
C1 − C2

1

)
= 0,

{
1 + 2C1x1 = 0,
1 + C1 = 0,

(29)

C1 = −1, 1− 2x1 = 0, x1 =
1

2
(30)

y = −x+ C2. (31)

Ãðàíè÷íûå óñëîâèÿ: 
y1 = −x1 + C2

y2 = −x2 + C2

y1 = x21
x2 − y2 = 5


y1 = − 1

2 + C2

y2 = −x2 + C2

y1 = 1
4

x2 − y2 = 5

{
1
4 = − 1

2 + C2

x2 − (−x2 + C2) = 5
(32)

{
C2 = 3

4
2x2 − 3

4 = 5
(33)

x2 =
1

2

(
5 +

3

4

)
=

23

8
, y = −x+

3

4
. (34)

L[y] =

x2ˆ

x1

√
1 + y′2dx =

23/8ˆ

1/2

√
1 + (−1)

2
dx =

√
2

(
23

8
− 1

2

)
=

19

8

√
2. (35)
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