
1 Òåîðèÿ

J [y] =

x2ˆ

x1

F (x, y, y′) dx, (1)

ýêñòðåìàëè ñ îäíîé óãëîâîé òî÷êîé: A (x1, y1) −→ M (x0, y0) −→ B (x2, y2).

F ′
y −

d

dx
F ′
y′ = 0 (2)

δJ [y] = δ

x0ˆ

x1

F (x, y, y′) dx+ δ

x2ˆ

x0

F (x, y, y′) dx, (3)

ïî ôîðìóëå, âûâåäåííîé â ïðîøëûé ðàç:

δJ [y] =
(
F − F ′

y′y′
)∣∣

x=x2
δx2 −

(
F − F ′

y′y′
)∣∣

x=x1
δx1 + F ′

y′

∣∣
x=x2

δy2 − F ′
y′

∣∣
x=x1

δy1. (4)

δJ [y] = δ

x0ˆ

x1

F (x, y, y′) dx+ δ

x2ˆ

x0

F (x, y, y′) dx = (5)

=
(
F − F ′

y′y′
)∣∣

x=x0−0
δx0 + F ′

y′

∣∣
x=x0−0

δy0−

−
(
F − F ′

y′y′
)∣∣

x=x0+0
δx0 − F ′

y′

∣∣
x=x0+0

δy0 =

=
[(

F − F ′
y′y′

)∣∣
x=x0−0

−
(
F − F ′

y′y′
)∣∣

x=x0+0

]
δx0 +

[
F ′
y′

∣∣
x=x0−0

− F ′
y′

∣∣
x=x0+0

]
δy0

Íà ýêñòðåìàëè δJ [y] = 0,[(
F − F ′

y′y′
)∣∣

x=x0−0
−

(
F − F ′

y′y′
)∣∣

x=x0+0

]
δx0 +

[
F ′
y′

∣∣
x=x0−0

− F ′
y′

∣∣
x=x0+0

]
δy0 = 0 (6)

1) Òî÷êà M (x0, y0) äâèæåòñÿ ñâîáîäíî:{ (
F − F ′

y′y′
)∣∣

x=x0−0
−

(
F − F ′

y′y′
)∣∣

x=x0+0
= 0,

F ′
y′

∣∣
x=x0−0

− F ′
y′

∣∣
x=x0+0

= 0,
(7)

óñëîâèÿ Âåéåðøòðàññà-Ýðäìàíà.
2) y0 = φ (x0): δy0 = φ′δx0,[(

F − F ′
y′y′

)∣∣
x=x0−0

−
(
F − F ′

y′y′
)∣∣

x=x0+0

]
δx0 +

[
F ′
y′

∣∣
x=x0−0

− F ′
y′

∣∣
x=x0+0

]
φ′δx0 = 0, (8)

(
F − F ′

y′y′
)∣∣

x=x0−0
−

(
F − F ′

y′y′
)∣∣

x=x0+0
+

[
F ′
y′

∣∣
x=x0−0

− F ′
y′

∣∣
x=x0+0

]
φ′ = 0, (9)(

F − F ′
y′y′ + φ′F ′

y′

)∣∣
x=x0−0

−
(
F − F ′

y′y′ + φ′F ′
y′

)∣∣
x=x0+0

= 0, (10)[
F + (φ′ − y′)F ′

y′

]∣∣
x=x0−0

=
[
F + (φ′ − y′)F ′

y′

]∣∣
x=x0+0

. (11)

2 Ïðèìåð: Çàäà÷à 6.1

J [y] =

4ˆ

0

(y′ − 1)
2
(y′ + 1)

2
dx, y (0) = 0, y (4) = 2. (12)

Ñëåäñòâèÿ óðàâíåíèÿ Ýéëåðà

F = (y′ − 1)
2
(y′ + 1)

2
= F (y′) (13)

y′ = A, y = Ax+B (14)

y =

{
C1x+ C2, x < x0

C3x+ C4, x > x0
(15)

Ó÷¼ò ãðàíèö
y (0) = C2 = 0, y (4) = 4C3 + C4 = 2 (16)

C2 = 0, C4 = 2− 4C3 (17)
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y =

{
C1x, x < x0

C3x+ 2− 4C3, x > x0
(18)

Ó÷¼ò íåïðåðûâíîñòè
C1x0 = C3x0 + 2− 4C3 (19)

Óñëîâèÿ Âåéåðøòðàññà-Ýðäìàíà (
F − y′F

′

y′

)∣∣∣
x=x0−0

−
(
F − y′F

′

y′

)∣∣∣
x=x0+0

= 0 (20)

F
′

y′

∣∣∣
x=x0−0

− F
′

y′

∣∣∣
x=x0+0

= 0 (21)

F =
(
y

′
− 1

)2 (
y

′
+ 1

)2

=
(
y

′2 − 1
)2

= y
′4 − 2y

′2 + 1 (22)

F
′

y′ = 4y
′3 − 4y

′
(23)

F − y′F
′

y′ =
(
y

′4 − 2y
′2 + 1

)
− y

′
(
4y

′3 − 4y
′
)
= y

′4 − 2y
′2 + 1− 4y

′4 + 4y
′2 = 1− 3y

′4 + 2y
′2 (24)

(
1− 3y

′4 + 2y
′2
)∣∣∣

x=x0−0
−

(
1− 3y

′4 + 2y
′2
)∣∣∣

x=x0+0
= 0(

4y
′3 − 4y

′
)∣∣∣

x=x0−0
−

(
4y

′3 − 4y
′
)∣∣∣

x=x0+0
= 0

(25)

{ (
1− 3C4

1 + 2C2
1

)
−
(
1− 3C4

3 + 2C2
3

)
= 0(

4C3
1 − 4C1

)
−

(
4C3

3 − 4C3

)
= 0

(26){
2C2

1 − 2C2
3 + 3C4

3 − 3C4
1 = 0

C3
1 − C3

3 − C1 + C3 = 0
(27){

2
(
C2

1 − C2
3

)
− 3

(
C4

1 − C4
3

)
= 0(

C3
1 − C3

3

)
− (C1 − C3) = 0

(28){
(C1 − C3) (C1 + C3)

[
2− 3

(
C2

1 + C2
3

)]
= 0

(C1 − C3)
[
C2

1 + C1C3 + C2
3 − 1

]
= 0

(29)

Èëè C1 = C3,

C1x0 = C1x0 + 2− 4C1 =⇒ C1 =
1

2
(30)

y =

{
1
2x, x < x0
1
2x+ 2− 4 · 1

2 , x > x0
=

1

2
x (31)

Ðåøåíèå áåç óãëîâîé òî÷êè.
Èëè C3 = −C1,

C2
1 − 1 = 0, (32)

C1x0 = −C1x0 + 2 + 4C1, (33)

2C1x0 = 2 + 4C1 =⇒ x0 =
1

C1
+ 2, (34)

y =

{
C1x, x < x0

−C1x+ 2 + 4C1. x > x0
(35)

C1 = 1:
x0 = 1 + 2 = 3, (36)

y =

{
x, x < 3,
−x+ 6, x > 3.

(37)

C1 = −1:
x0 = −1 + 2 = 1, (38)

y =

{
−x, x < 1,
x− 2, x > 1.

(39)
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