
Ïðåîáðàçîâàíèå ãðàäèåíòà, äèâåðãåíöèè è (åñëè ïîâåç¼ò) ðîòîðà â êðèâîëèíåéíûå êîîðäèíàòû.

1 Îáùàÿ ÷àñòü

Çàìåíà (x, y, z) −→ (p, q, s)  x = x (p, q, s)
y = y (p, q, s)
z = z (p, q, s)

(1)

Ðàäèóñ-âåêòîð r⃗ = i⃗x+ j⃗y + k⃗z
r⃗′p = i⃗x′

p + j⃗y′p + k⃗z′p (2)

Êîýôôèöèåíòû Ëàìý:

Hp ≡
∣∣r⃗′p∣∣ = √(

x′
p

)2
+

(
y′p
)2

+
(
z′p
)2

(3)

e⃗p ≡
r⃗′p
Hp

, |e⃗p| = 1 (4)

Àíàëîãè÷íî,
Hq ≡

∣∣r⃗′q∣∣ , Hs ≡ |r⃗′s| (5)

e⃗q ≡
r⃗′q
Hq

, e⃗s ≡
r⃗′s
Hs

(6)

Âåêòîðû e⃗p, e⃗q, e⃗s � îðòû íîâîé ñèñòåìû êîîðäèíàò. Ó îðòîãîíàëüíûõ ñèñòåì îíè èìåþò òàêèå ñâîéñòâà:

(e⃗p · e⃗p) = 1, (e⃗q · e⃗q) = 1, (e⃗s · e⃗s) = 1, (7)

(e⃗p · e⃗q) = 0, (e⃗p · e⃗s) = 0, (e⃗q · e⃗s) = 0, (8)

[e⃗p × e⃗q] = e⃗s, [e⃗q × e⃗s] = e⃗p, [e⃗s × e⃗p] = e⃗q. (9)

Ïðîäèôôåðåíöèðóåì (1) ïî x, y è z:
1 = x′

pp
′
x + x′

qq
′
x + x′

ss
′
x

0 = y′pp
′
x + y′qq

′
x + y′ss

′
x

0 = z′pp
′
x + z′qq

′
x + z′ss

′
x


0 = x′

pp
′
y + x′

qq
′
y + x′

ss
′
y

1 = y′pp
′
y + y′qq

′
y + y′ss

′
y

0 = z′pp
′
y + z′qq

′
y + z′ss

′
y


0 = x′

pp
′
z + x′

qq
′
z + x′

ss
′
z

0 = y′pp
′
z + y′qq

′
z + y′ss

′
z

1 = z′pp
′
z + z′qq

′
z + z′ss

′
z

(10)

Ïî ïðàâèëó Êðàìåðà, èç ïåðâîé ñèñòåìû

px =

∣∣∣∣∣∣
1 x′

q x′
s

0 y′q y′s
0 z′q z′s

∣∣∣∣∣∣∣∣∣∣∣∣
x′
p x′

q x′
s

y′p y′q y′s
z′p z′q z′s

∣∣∣∣∣∣
=

(⃗
i, r⃗′q, r⃗

′
s

)
(
r⃗′p, r⃗

′
q, r⃗

′
s

) =
HqHs

(⃗
i, e⃗q, e⃗s

)
HpHqHs (e⃗p, e⃗q, e⃗s)

=
1

Hp

i⃗ · [e⃗q × e⃗s]

e⃗p · [e⃗q × e⃗s]
=

1

Hp

i⃗ · e⃗p
e⃗p · e⃗p

=
i⃗ · e⃗p
Hp

. (11)

Àíàëîãè÷íî, èç âòîðîé ñèñòåìû â (10) ïîëó÷àåì

py =

∣∣∣∣∣∣
0 x′

q x′
s

1 y′q y′s
0 z′q z′s

∣∣∣∣∣∣∣∣∣∣∣∣
x′
p x′

q x′
s

y′p y′q y′s
z′p z′q z′s

∣∣∣∣∣∣
=

j⃗ · e⃗p
Hp

, pz =

∣∣∣∣∣∣
0 x′

q x′
s

0 y′q y′s
1 z′q z′s

∣∣∣∣∣∣∣∣∣∣∣∣
x′
p x′

q x′
s

y′p y′q y′s
z′p z′q z′s

∣∣∣∣∣∣
=

k⃗ · e⃗p
Hp

. (12)

Ïðèìåð Öèëëèíäðè÷åñêèå êîîðäèíàòû:

r⃗ =

 r cosφ
r sinφ

h

 (13)

r⃗′r =

 cosφ
sinφ
0

 , r⃗′φ =

 −r sinφ
r cosφ

0

 , r⃗′h =

 0
0
1

 (14)

Hr =

√
cos2 φ+ sin2 φ+ 02 = 1 (15)
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Hφ =

√
r2 sin2 φ+ r2 cos2 φ+ 02 =

√
r2 = r (16)

Hh = 1 (17)

e⃗r =
r⃗′r
Hr

= r⃗′r =

 cosφ
sinφ
0

 , e⃗φ =
r⃗′φ
Hφ

=
r⃗′φ
r

=

 − sinφ
cosφ
0

 , e⃗h =
r⃗′h
Hh

=

 0
0
1

 (18)

Îðòîãîíàëüíîñòü:

e⃗r · e⃗h =

 cosφ
sinφ
0

 ·

 0
0
1

 = 0, e⃗φ · e⃗h =

 − sinφ
cosφ
0

 ·

 0
0
1

 = 0 (19)

e⃗r · e⃗φ =

 cosφ
sinφ
0

 ·

 − sinφ
cosφ
0

 = − cosφ sinφ+ sinφ cosφ = 0 (20)

Ïðàâîòà:

e⃗r × e⃗φ =

 i⃗ cosφ − sinφ

j⃗ sinφ cosφ

k⃗ 0 0

 =

 cosφ · 0 + sinφ · 0
− sinφ · 0− cosφ · 0

cos2 φ+ sin2 φ

 =

 0
0
1

 = e⃗′h (21)

e⃗φ × e⃗h = e⃗φ × [e⃗r × e⃗φ] = e⃗r (e⃗φ · e⃗φ)− e⃗φ (e⃗φ · e⃗r) = e⃗r · 1− e⃗φ · 0 = e⃗r (22)

e⃗h × e⃗r = e⃗h × [e⃗φ × e⃗h] = e⃗φ (e⃗h · e⃗h)− e⃗h (e⃗h · e⃗φ) = e⃗φ (23)

Çàäàíèå: ïîëó÷èòü îðòû, ê. Ëàìý è ïðîâåðèòü îðòîãîíàëüíîñòü äëÿ ñôåðè÷åñêèõ êîîðäèíàò.

2 Ãðàäèåíò

Òàê êàê äëÿ âñÿêîãî âåêòîðà a⃗ = i⃗ax + j⃗ay + k⃗az = i⃗
(⃗
i · a⃗

)
+ j⃗

(⃗
j · a⃗

)
+ k⃗

(
k⃗ · a⃗

)
,

grad p = i⃗p′x + j⃗p′y + k⃗p′z = i⃗
i⃗ · e⃗p
Hp

+ j⃗
j⃗ · e⃗p
Hp

+ k⃗
k⃗ · e⃗p
Hp

=
e⃗p
Hp

. (24)

Ðåøàÿ ñèñòåìû (10) îòíîñèòåëüíî ïðîèçâîäíûõ äðóãèõ êîîðäèíàò, òåì æå ïóò¼ì íàõîäèì, ÷òî

grad q =
e⃗q
Hq

, grad s =
e⃗s
Hs

. (25)

Ãðàäèåíò ïðîèçâîëüíîé ôóíêöèè u (p, q, s) íàõîäèòñÿ îòñþäà ìãíîâåííî:

gradu = u′
pgrad p+ u′

qgrad q + u′
sgrad s =

u′
p

Hp
e⃗p +

u′
q

Hq
e⃗q +

u′
s

Hs
e⃗s (26)

Ïðèìåð �189
u = r2 + 2r cosφ− ez sinφ (27)

gradu =
u′
r

Hr
e⃗r +

u′
φ

Hφ
e⃗φ +

u′
h

Hz
e⃗z = u′

r e⃗r +
u′
φ

r
e⃗φ + u′

z e⃗z =

=
∂

∂r

(
r2 + 2r cosφ− ez sinφ

)
e⃗r +

1

r

∂

∂φ

(
r2 + 2r cosφ− ez sinφ

)
e⃗φ +

∂

∂z

(
r2 + 2r cosφ− ez sinφ

)
e⃗z =

= (2r + 2 cosφ) e⃗r +
1

r
(−2r sinφ− ez cosφ) e⃗φ + (−ez sinφ) e⃗z =

= 2 (r + cosφ) e⃗r −
(
2 sinφ+

ez

r
cosφ

)
e⃗φ − ez sinφe⃗z (28)
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3 Äèôôåðåíöèàëüíûå ñâîéñòâà îðòîâ

∂

∂γ

∣∣∣∣e⃗α · e⃗β =

{
1, α = β
0, α ̸= β

(29)

e⃗β · ∂

∂γ
e⃗α + e⃗α · ∂

∂γ
e⃗β = 0 (30)

e⃗β · ∂

∂γ
e⃗α = −e⃗α · ∂

∂γ
e⃗β (31)

ãäå α, β è γ � ïðîèçâîëüíûå êîîðäèíàòû èç íîâîé ñèñòåìû êîîðäèíàò. Â ÷àñòíîñòè, åñëè β = α, òî

e⃗α · ∂

∂γ
e⃗α = −e⃗α · ∂

∂γ
e⃗α, (32)

îòêóäà

e⃗α · ∂

∂γ
e⃗α = 0. (33)

Äàëåå ðàññìîòðèì ðàâåíñòâî
r⃗′′αβ = r⃗′′βα (34)

∂

∂β
(Hαe⃗α) =

∂

∂α
(Hβ e⃗β) (35)

∂

∂β
Hαe⃗α +Hα

∂

∂β
e⃗α =

∂

∂α
Hβ e⃗β +Hβ

∂

∂α
e⃗β

∣∣∣∣ · e⃗β (36)

Â ñèëó (33)

Hαe⃗β · ∂

∂β
e⃗α =

∂

∂α
Hβ , (37)

e⃗β · ∂

∂β
e⃗α =

1

Hα

∂

∂α
Hβ , (38)

ãäå α è β � äâå ïðîèçâîëüíûå êîîðäèíàòû èç íîâîé ñèñòåìû êîîðäèíàò (α ̸= β). Òåïåðü óìíîæèì

∂

∂β
Hαe⃗α +Hα

∂

∂β
e⃗α =

∂

∂α
Hβ e⃗β +Hβ

∂

∂α
e⃗β

∣∣∣∣ · e⃗γ (39)

(γ ̸= α, γ ̸= β)

Hαe⃗γ · ∂

∂β
e⃗α = Hβ e⃗γ · ∂

∂α
e⃗β (40)

e⃗γ · ∂

∂β
e⃗α =

Hβ

Hα
e⃗γ · ∂

∂α
e⃗β (41)

4 Äèâåðãåíöèÿ

Äëÿ ïîëÿ F⃗ = i⃗P + j⃗Q+ k⃗R äèâåðãåíöèÿ ïðèìåò âèä

div F⃗ = P ′
x +Q′

y +R′
z =

=
(
P ′
pp

′
x + P ′

qq
′
x + P ′

ss
′
x

)
+
(
Q′

pp
′
y +Q′

qq
′
y +Q′

ss
′
y

)
+
(
R′

pp
′
z +R′

qq
′
z +R′

ss
′
z

)
=

=
(
P ′
pp

′
x +Q′

pp
′
y +R′

pp
′
z

)
+
(
P ′
qq

′
x +Q′

qq
′
y +R′

qq
′
z

)
+

(
P ′
ss

′
x +Q′

ss
′
y +R′

ss
′
z

)
= (42)

= F⃗ ′
p · grad p+ F⃗ ′

q · grad q + F⃗ ′
s · grad s = F⃗ ′

p ·
e⃗p
Hp

+ F⃗ ′
q ·

e⃗q
Hq

+ F⃗ ′
s ·

e⃗s
Hs

Îáîçíà÷èì F⃗ = Fpe⃗p + Fq e⃗q + Fse⃗s:

F⃗ ′
p · e⃗p =

∂

∂p
(Fpe⃗p + Fq e⃗q + Fse⃗s) · e⃗p =

=

(
∂

∂p
Fpe⃗p +

∂

∂p
Fq e⃗q +

∂

∂p
Fse⃗s + Fp

∂

∂p
e⃗p + Fq

∂

∂p
e⃗q + Fs

∂

∂p
e⃗s

)
· e⃗p =

ïî (38)

=
∂

∂p
Fp + Fq e⃗p ·

∂

∂p
e⃗q + Fse⃗p ·

∂

∂p
e⃗s =

∂

∂p
Fp + Fq

1

Hq

∂

∂q
Hp + Fs

1

Hs

∂

∂s
Hp = (43)
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=
1

HqHs

(
HqHs

∂

∂p
Fp + FqHs

∂

∂q
Hp + FsHq

∂

∂s
Hp

)
.

Òàê æå ïîëó÷èì, ÷òî

F⃗ ′
q · e⃗q =

1

HpHs

(
HpHs

∂

∂q
Fq + FpHs

∂

∂p
Hq + FsHp

∂

∂s
Hq

)
, (44)

F⃗ ′
s · e⃗s =

1

HpHq

(
HpHq

∂

∂s
Fs + FpHq

∂

∂p
Hs + FqHp

∂

∂q
Hs

)
. (45)

Òîãäà

div F⃗ = F⃗ ′
p ·

e⃗p
Hp

+ F⃗ ′
q ·

e⃗q
Hq

+ F⃗ ′
s ·

e⃗s
Hs

=

=
1

HqHsHp

(
HqHs

∂

∂p
Fp + FqHs

∂

∂q
Hp + FsHq

∂

∂s
Hp

)
+

1

HpHsHq

(
HpHs

∂

∂q
Fq + FpHs

∂

∂p
Hq + FsHp

∂

∂s
Hq

)
+

1

HpHqHs

(
HpHq

∂

∂s
Fs + FpHq

∂

∂p
Hs + FqHp

∂

∂q
Hs

)
= (46)

Ñîáåð¼ì îäèíàêîâûå ïðîèçâîäíûå:

=
1

HpHqHs

(
HqHs

∂

∂p
Fp + FpHs

∂

∂p
Hq + FpHq

∂

∂p
Hs+

+HpHs
∂

∂q
Fq + FqHs

∂

∂q
Hp + FqHp

∂

∂q
Hs+

HpHq
∂

∂s
Fs + FsHq

∂

∂s
Hp + FsHp

∂

∂s
Hq

)
=

=
1

HpHqHs

[
∂

∂p
(HqHsFp) +

∂

∂q
(HpHsFq) +

∂

∂s
(HpHqFs)

]
Ïðèìåð �191

F⃗ = φarctg re⃗r + 2e⃗φ − z2ez e⃗z (47)

div F⃗ =
1

HrHφHz

[
∂

∂r
(HφHzFr) +

∂

∂φ
(HrHzFφ) +

∂

∂z
(HrHφFz)

]
=

=
1

r

[
∂

∂r
(rFr) +

∂

∂φ
Fφ +

∂

∂z
(rFz)

]
= (48)

=
1

r

[
∂

∂r
(rφarctg r) +

∂

∂φ
2 +

∂

∂z

(
−z2ezr

)]
=

1

r

[
φ

(
arctg r +

r

1 + r2

)
− r

(
2zez + z2ez

)]
=

=
φ

r
arctg r +

φ

1 + r2
− (2 + z) zez.
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