
1 Îïðåäåëåíèÿ

×èñëîâîé ðÿä

a1 + . . .+ an + . . . =

∞∑
n=1

an (1)

ñõîäèòñÿ, åñëè

∃S = lim
n→∞

Sn, Sn =

n∑
k=1

ak (2)

Ïðèìåð 1: ãåîìåòðè÷åñêàÿ ïðîãðåññèÿ: an = a1q
n−1,

Sn =

n∑
k=1

ak =

n∑
k=1

a1q
k−1 = a1

1− qn

1− q
(3)

n∑
k=1

a1q
k−1 (4)

ñõîäèòñÿ ïðè |q| < 1, ðàñõîäèòñÿ ïðè |q| > 1.

Ïðèìåð 2: �2548
1

2
+

2

4
+

5

8
+ . . .+

2n− 1

2n
+ . . . (5)

Sn =

n∑
k=1

2k − 1

2k
(6)

Sn = 3

(
1−

(
1

2

)n−1
)

− (n− 1)

(
1

2

)n−1

+

(
1

2

)n

. (7)

lim
n→∞

Sn = lim
n→∞

[
3

(
1−

(
1

2

)n−1
)

− (n− 1)

(
1

2

)n−1

+

(
1

2

)n
]
=

= 3 lim
n→∞

(
1−

(
1

2

)n−1
)

− lim
n→∞

n− 1

2n−1
+ lim

n→∞

(
1

2

)n

= 3 (8)

Çàäàíèå: ïî ýòèì îáðàçöàì ðåøèòü � 2546, 2547, 2549.

2 Êðèòåðèé Êîøè

∃ lim
n→∞

xn ⇐⇒ ∀ε > 0 ∃N : ∀p, q > N |xp − xq| < ε. (9)

Ïóñòü p > q. xn = Sn:

|Sp − Sq| =

∣∣∣∣∣
p∑

k=1

ak −
q∑

k=1

ak

∣∣∣∣∣ =
∣∣∣∣∣∣

q∑
k=1

ak +

p∑
k=q+1

ak −
q∑

k=1

ak

∣∣∣∣∣∣ =
∣∣∣∣∣∣

p∑
k=q+1

ak

∣∣∣∣∣∣ < ε. (10)

Ñëó÷àé p = q + 1.

∃ lim
n→∞

Sn =⇒ ∀ε > 0 ∃N : ∀p, q > N

∣∣∣∣∣∣
p∑

k=q+1

ak

∣∣∣∣∣∣ =
∣∣∣∣∣∣

p∑
k=p

ak

∣∣∣∣∣∣ = |ap| < ε (11)

lim
n→∞

an ≡ 0 (12)

Ýòî íàçûâàåòñÿ íåîáõîäèìûì óñëîâèåì ñõîäèìîñòè.
Çàäàíèå: âîñïîëüçîâàòüñÿ íåîáõîäèìûì óñëîâèåì ñõîäèìîñòè â � 2556 è 2557.
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Ïðèìåð: ãàðìîíè÷åñêèé ðÿä
∞∑
k=1

1

k
(13)

k < 2n:
1

k
>

1

2n
(14)

2n∑
k=n+1

1

k
>

2n∑
k=n+1

1

2n
=

1

2n
· n =

1

2
(15)

∃ε = 1
2 > 0, ∀N ∃q = n, p = 2n > N : ∣∣∣∣∣∣

p∑
k=q+1

ak

∣∣∣∣∣∣ =
2n∑

k=n+1

1

k
>

1

2
= ε, (16)

ðàñõîäèòñÿ ïî Êîøè.

3 Ïðèçíàêè ñõîäèìîñòè ðÿäîâ ñ ïîëîæèòåëüíûìè ñëàãàåìûìè

3.1 Ïåðâûé ïðèçíàê ñðàâíåíèÿ.

Ïóñòü äëÿ
∞∑

n=1

an è

∞∑
n=1

bn (17)

0 < ak < bk (18)

è âòîðîé ðÿä ñõîäèòñÿ.

0 <

n∑
k=1

ak <

n∑
k=1

bk, (19)

èëè

0 < An < Bn, An =

n∑
k=1

ak, Bn =

n∑
k=1

bk. (20)

Òàê êàê ak > 0, An > An−1.
∃ lim

n→∞
Bn =⇒ ∃M > Bn > An (21)

Ïîñëåäîâàòåëüíîñòü An âîçðàñòàåò è îãðàíè÷åíà ñâåðõó, çíà÷èò, èìååò ïðåäåë, ò.å. ïåðâûé ðÿä ñõîäèòñÿ.
Äîêàçàòü: åñëè ìåíüøèé ðàñõîäèòñÿ - òî áîëüøèé ðàñõîäèòñÿ.

3.2 Âòîðîé ïðèçíàê ñðàâíåíèÿ.

Ïóñòü

∃ lim
n→∞

an
bn

= C ̸= 0 (22)

∀ε > 0 ∃N : n > N ⇒ ∣∣∣∣anbn − C

∣∣∣∣ < ε (23)

−ε <
an
bn

− C < ε (24)

C − ε <
an
bn

< C + ε (25)

bn (C − ε) < an < bn (C + ε) (26)

Ðÿäû a è b ñõîäÿòñÿ èëè ðàñõîäÿòñÿ îäíîâðåìåííî.
Ïðèìåðû:
èç �2549:

∞∑
n=1

1

n (n+ 1)
ñõ. (27)

Ðàññìîòðèì îáîáù¼ííî-ãàðìîíè÷åñêèé ðÿä
∞∑

n=1

1

n2
(28)
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lim
n→∞

1
n2

1
n(n+1)

= lim
n→∞

n (n+ 1)

n2
= lim

n→∞

(
1 +

1

n

)
= 1 ̸= 0, (29)

îòêóäà (28) ñõ. ïî 1-ìó
Òåïåðü

∞∑
n=1

1

nα
, α > 2 (30)

0 <
1

nα
<

1

n2
(31)

è (30) ñõ. ïî 2-ìó
Çàäàíèå: ïðè ïîìîùè ïðèçíàêîâ ñðàâíåíèÿ ðåøèòå �2558-2564, ïðè ïîìîùè êðèòåðèÿ Êîøè � 2574.

3


