
1 Ñòåïåííîé ðÿä è åãî îáëàñòü ñõîäèìîñòè

∞∑
n=1

an (x− x0)
n
, (1)

an, x0 = const
ï. Äàëàìáåðà:

lim
n→∞

∣∣∣an+1 (x− x0)
n+1
∣∣∣

|an (x− x0)
n|

= |x− x0| lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ < 1 (2)

|x− x0| < lim
n→∞

∣∣∣∣ an
an+1

∣∣∣∣ (3)

lim
n→∞

∣∣∣∣ an
an+1

∣∣∣∣ ≡ R (4)

|x− x0| < R (5)

−R < x− x0 < R, (6)

x0 −R < x < x0 +R, (7)

Çà ïðåäåëàìè èíòåðâàëà:

|x− x0| > lim
n→∞

∣∣∣∣ an
an+1

∣∣∣∣ (8)

lim
n→∞

∣∣∣an+1 (x− x0)
n+1
∣∣∣

|an (x− x0)
n|

= q > 1 (9)

∀ε > 0 ∃N , ∀n > N ∣∣∣∣∣∣
∣∣∣an+1 (x− x0)

n+1
∣∣∣

|an (x− x0)
n|

− q

∣∣∣∣∣∣ < ε (10)

q − ε <

∣∣∣an+1 (x− x0)
n+1
∣∣∣

|an (x− x0)
n|

< q + ε (11)

ε = q−1
2 , 0 < ε < q − 1, q − ε > 1 ∣∣∣an+1 (x− x0)

n+1
∣∣∣ > (q − ε) |an (x− x0)

n| (12)∣∣∣aN+2 (x− x0)
N+2

∣∣∣ > (q − ε)
∣∣∣aN+1 (x− x0)

N+1
∣∣∣ (13)∣∣∣aN+m (x− x0)

N+m
∣∣∣ > (q − ε)

m−1
∣∣∣aN+1 (x− x0)

N+1
∣∣∣ (14)

íî
lim

m→∞
(q − ε)

m−1
= ∞, (15)

lim
m→∞

∣∣∣aN+m (x− x0)
N+m

∣∣∣ = ∞, (16)

lim
n→∞

an (x− x0)
n ̸= 0; (17)

ðàñõîäèòñÿ.
R � ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà.

lim
n→∞

n

√
|an (x− x0)

n| = |x− x0| lim
n→∞

n
√
|an| < 1, (18)

|x− x0| <
1

limn→∞
n
√
|an|

, (19)

1

R
= lim

n→∞
n
√
|an|. (20)

(ôîðìóëà Êîøè-Àäàìàðà).
Còåïåííîé ðÿä ñõîäèòñÿ àáñîëþòíî åñëè |x− x0| < R è ðàñõîäèòñÿ, åñëè |x− x0| > R.
Ñëó÷àé, êîãäà |x− x0| = R, íóæíî èññëåäîâàòü îòäåëüíî.
Â Äåìèäîâè÷å íàïèñàíî, ÷òî ðÿä ñõîäèòñÿ ïðè |x− x0| ⩽ R, ÷òî, áåçóñëîâíî, îøèáî÷íî.

1



1.1 Ïðèìåð �2813

Íàéòè îáëàñòü ñõîäèìîñòè ðÿäà
∞∑

n=1

3n + (−2)
n

n
(x+ 1)

n
. (21)

an =
3n + (−2)

n

n
, x0 = −1. (22)

R = lim
n→∞

∣∣∣∣ an
an+1

∣∣∣∣ = lim
n→∞

∣∣∣∣∣
3n+(−2)n

n

3n+1+(−2)n+1

n+1

∣∣∣∣∣ = lim
n→∞

3n + (−2)
n

3n+1 + (−2)
n+1

n+ 1

n
= lim

n→∞

3−1 + 1
3

(
− 2

3

)n
1 +

(
− 2

3

)n+1 =
3−1 + 1

3 · 0
1 + 0

=
1

3
.

(23)
ñõîäèòñÿ ïðè

|x+ 1| < 1

3
, (24)

−1− 1

3
< x < −1 +

1

3
, (25)

−4

3
< x < −2

3
. (26)

Ðÿä ðàñõîäèòñÿ ïðè

|x+ 1| > 1

3
, (27)

x = − 2
3 :

∞∑
n=1

3n + (−2)
n

n
(x+ 1)

n
=

∞∑
n=1

3n + (−2)
n

n

(
1

3

)n

=

∞∑
n=1

1 +
(
− 2

3

)n
n

. (28)

1 +
(
− 2

3

)n
n

> 0, lim
n→∞

1+(− 2
3 )

n

n
1
n

= lim
n→∞

[
1 +

(
−2

3

)n]
= 1 ̸= 0, (29)

ðàñõîäèòñÿ îäíîâðåìåííî ñ ãàðìîíè÷åñêèì.
x = − 4

3 :

∞∑
n=1

3n + (−2)
n

n
(x+ 1)

n
=

∞∑
n=1

3n + (−2)
n

n

(
−1

3

)n

=

∞∑
n=1

(−1)
n
+
(
2
3

)n
n

=

∞∑
n=1

(−1)
n

n
+

∞∑
n=1

(
2
3

)n
n

(30)

Ïåðâûé ðÿä ñõîäèòñÿ ïî ïðèçíàêó Ëåéáíèöà, âòîðîé - ïî ïðèçíàêó Äàëàìáåðà, ñóììà èõ, ñëåäîâàòåëüíî, ñõî-
äèòñÿ.

Îáëàñòü ñõîäèìîñòè:

x ∈
[
−4

3
;−2

3

)
. (31)

1.2 Äðóãîé ïðèìåð: �2822

∞∑
n=1

xn

an + bn
, a > 0, b > 0. (32)

an =
1

an + bn
, x0 = 0. (33)

a > b
1

R
= lim

n→∞

1
n
√
an + bn

= lim
n→∞

1

a n

√
1 +

(
b
a

)n =
1

a
, R = a. (34)

Ïðè |x| = a

lim
n→∞

∣∣∣∣ xn

an + bn

∣∣∣∣ = lim
n→∞

an

an + bn
= lim

n→∞

1

1 +
(
b
a

)n = 1 ̸= 0 (35)

lim
n→∞

xn

an + bn
̸= 0 (36)

ðÿä ðàñõîäèòñÿ.
Àíàëîãè÷íî, åñëè b > a,

R = b. (37)

R = max (a, b)
x ∈ (−max (a, b) ;max (a, b)) . (38)

Çàäàíèå: ðåøèòü �2812, 2814, 2816.
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2 ðÿä Òåéëîðà âîêðóã òî÷êè x0

f (x) =

∞∑
n=0

an (x− x0)
n
, an =

f (n) (x0)

n!
. (39)

2.1 Ïðèìåð 1

ðàçëîæèì âîêðóã x0 = 0 ôóíêöèþ

f (x) =
1

1− x
. (40)

Âû÷èñëèì ïåðâûå ïðîèçâîäíûå:

f ′ (x) =
1

(1− x)
2 , f ′′ (x) =

2

(1− x)
3 , f ′′′ (x) =

6

(1− x)
4 . (41)

Ïîõîæå, ÷òî

f (n) (x) =
n!

(1− x)
n+1 . (42)

øàã èíäóêöèè: ïóñòü äëÿ íåêîòîðîãî n = m

f (m) (x) =
m!

(1− x)
m+1 . (43)

Äîêàæåì, ÷òî äëÿ n = m+ 1:

f (m+1) (x) =
(m+ 1)!

(1− x)
m+2 . (44)

ïðîäèôôåðåíöèðóåì:

f (m+1) (x) = m!
− (m+ 1)

(1− x)
m+2 · (−1) =

(m+ 1)!

(1− x)
m+2 , (45)

÷òî è ò.ä.

an =
f (n) (x0)

n!
=

1

n!

n!

(1− x)
n+1

∣∣∣∣∣
x=0

= 1. (46)

Òîãäà

f (x) =
1

1− x
=

∞∑
n=0

xn. (47)

2.2 Ïðèìåð 2

f (x) = sinx, x0 = 0.

sin′ (x) = cos (x) = sin
(π
2
− x
)
= − sin

(
x− π

2

)
= sin

(
x− π

2
+ π

)
= sin

(
x+

π

2

)
, (48)

sin(n) (x) = sin
(
x+

πn

2

)
. (49)

Òîãäà

sin (x) =

∞∑
n=0

sin(n) (x)

n!

∣∣∣∣∣
x=0

xn =

∞∑
n=0

sin
(
x+ πn

2

)
n!

∣∣∣∣∣
x=0

xn =

∞∑
n=0

sin πn
2

n!
xn = (50)

ñãðóïïèðóåì ïîïàðíî, sinπk = 0:

=

∞∑
k=0

(
sin π2k

2

(2k)!
x2k +

sin π(2k+1)
2

(2k + 1)!
x2k+1

)
=

∞∑
k=0

sin
(
πk + π

2

)
(2k + 1)!

x2k+1 =

∞∑
k=0

(−1)
k

(2k + 1)!
x2k+1.

a2k = 0, a2k+1 = (−1)k

(2k+1)! .

Çàäàíèå: ðàçëîæèòü â ðÿä âîêðóã íóëÿ ex è cosx.

3 Ðàçëîæåíèå íå ïî ôîðìóëå

3.1 Ïðèìåð: �2854

Âîñïîëüçóåìñÿ òåì, ÷òî

1

1− x
=

∞∑
n=0

xn. (51)

x10

1− x
= x10 1

1− x
= x10

∞∑
n=0

xn =

∞∑
n=0

xn+10 =

∞∑
k=0

akx
k, (52)

ïðè k = 0..9 ak = 0, à ïðè k ⩾ 10 ak = 1.
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3.2 Ïðèìåð: �2853

Íà÷í¼ì ñ ïîíèæåíèÿ ñòåïåíè

sin3 x = sinx
1− cos 2x

2
=

1

2
(sinx− sinx cos 2x) =

1

2

{
sinx− 1

2
[sin (x+ 2x) + sin (x− 2x)]

}
=

=
1

2

{
3

2
sinx− 1

2
sin (3x)

}
=

3

4
sinx− 1

4
sin (3x) . (53)

Êàê ìû óæå çíàåì,

sinx =

∞∑
k=0

(−1)
k

(2k + 1)!
x2k+1. (54)

sin (3x) =

∞∑
k=0

(−1)
k

(2k + 1)!
(3x)

2k+1
=

∞∑
k=0

(−1)
k
32k+1

(2k + 1)!
x2k+1. (55)

Òîãäà

sin3 x =
3

4
sinx− 1

4
sin (3x) =

3

4

∞∑
k=0

(−1)
k

(2k + 1)!
x2k+1 − 1

4

∞∑
k=0

(−1)
k
32k+1

(2k + 1)!
x2k+1 =

=

∞∑
k=0

3

4

(−1)
k+1

(2k + 1)!

(
32k − 1

)
x2k+1. (56)

3.3 Ïðèìåð: � 2855

d

dx

∣∣∣∣∣ 1

1− x
=

∞∑
n=0

xn = 1 +

∞∑
n=1

xn (57)

n− 1 = k
1

(1− x)
2 =

∞∑
n=1

nxn−1 =

∞∑
k=0

(k + 1)xk (58)

Çàäàíèå: ðåøèòå ñàìè �2851, 2852, 2873 ïï. à,á;
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