
n∑
k=0

aky
(k) = f (x) (1)

n ÷àñòíûõ ðåøåíèé îäíîðîäíîãî óðàâíåíèÿ:
n∑

k=0

aky
(k)
0m = 0, (2)

y0 =

n∑
m=1

Cmy0m, Cm = const. (3)

y =

n∑
m=1

φm (x) y0m. (4)

ïðîèçâîäíàÿ:

y′ =

n∑
m=1

φ′
m (x) y0m +

n∑
m=1

φm (x) y′0m. (5)

Ïåðâîå óñëîâèå íà φm (x):
n∑

m=1

φ′
m (x) y0m = 0, =⇒ y′ =

n∑
m=1

φm (x) y′0m. (6)

Àíàëîãè÷íî:
n∑

m=1

φ′
my′0m = 0 =⇒ y′′ =

n∑
m=1

φmy′′0m, (7)

n∑
m=1

φ′
my′′0m = 0 =⇒ y′′′ =

n∑
m=1

φmy′′′0m, (8)
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n∑

m=1

φ′
my

(n−2)
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n∑
m=1

φmy
(n−1)
0m . (9)

y(n) =

n∑
m=1

φ′
my

(n−1)
0m +

n∑
m=1

φmy
(n)
0m . (10)

Òåïåðü ïîäñòàâèì:

n∑
k=0

aky
(k) =

n−1∑
k=0

aky
(k) + any
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k=0

ak
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φmy
(k)
0m + an

(
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m=1

φ′
my

(n−1)
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m=1

φmy
(n)
0m

)
=

=

(
n−1∑
k=0

ak

n∑
m=1

φmy
(k)
0m + an

n∑
m=1

φmy
(n)
0m

)
+ an

n∑
m=1

φ′
my

(n−1)
0m =

n∑
k=0

ak

n∑
m=1

φmy
(k)
0m + an

n∑
m=1

φ′
my

(n−1)
0m = (11)

=

n∑
m=1

φm

n∑
k=0

aky
(k)
0m + an

n∑
m=1

φ′
my

(n−1)
0m = an

n∑
m=1

φ′
my

(n−1)
0m = f (x)

Âñå óñëîâèÿ íà φm (x): 
φ′
1y01 + . . .+ φ′

ny0n = 0,
φ′
1y

′
01 + . . .+ φ′

ny
′
0n = 0,

. . .

φ′
1y

(n−2)
01 + . . .+ φ′

ny
(n−2)
0n = 0,

φ′
1y

(n−1)
01 + . . .+ φ′

ny
(n−1)
0n = f(x)

an
;

(12)
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y′′ + 3y′ + 2y =
1

ex + 1
. (13)

y′′0 + 3y′0 + 2y0 = 0, (14)

õàðàêòåðèñòè÷åñêîå:
λ2 + 3λ+ 2 = 0, λ1 = −2, λ2 = −1. (15)

×àñòíûå ðåøåíèÿ:
y01 = e−2x, y02 = e−x; (16)

ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ áóäåì èñêàòü â âèäå

y = e−2xφ1 (x) + e−xφ2 (x) . (17)

1



{
e−2xφ′

1 + e−xφ′
2 = 0,

−2e−2xφ′
1 − e−xφ′

2 = 1
ex+1 .

(18)

−e−2xφ′
1 =

1

ex + 1
, φ′

1 = − e2x

ex + 1
, (19)

e−xφ′
2 = −e−2xφ′

1, φ′
2 = −e−xφ′

1 =
ex

ex + 1
. (20)

φ1 = −
ˆ

e2x

ex + 1
dx = −

ˆ
ex (ex + 1− 1)

ex + 1
dx = −

ˆ (
ex − ex

ex + 1

)
dx = −ex + ln (ex + 1) + C1, (21)

φ2 =

ˆ
ex

ex + 1
dx = ln (ex + 1) + C2; (22)

y = e−2x [−ex + ln (ex + 1) + C1] + e−x [ln (ex + 1) + C2] . (23)
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Óðàâíåíèÿ Ýéëåðà:
n∑

k=0

ak (bx+ c)
k
y(k) = f (x) (24)

bx+ c = et.
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(x− 2)
2
y′′ − 3 (x− 2) y′ + 4y = x. (25)

Çàìåíà:
x− 2 = et, 1 = ett′x, t′x = e−t; (26)

y′ = ẏt′x = e−tẏ, y′′ =
dy′

dt
t′x = e−t d

dt

(
e−tẏ

)
= e−t

(
−e−tẏ + e−tÿ

)
= e−2t (ÿ − ẏ) . (27)

Ïîäñòàâëÿåì â óðàâíåíèå (25):

(x− 2)
2
e−2t (ÿ − ẏ)− 3e−t (x− 2) ẏ + 4y = et + 2, (28)

(ÿ − ẏ)− 3ẏ + 4y = et + 2, (29)

ÿ − 4ẏ + 4y = et + 2, (30)

ÿ0 − 4ẏ0 + 4y0 = 0. (31)

λ2 − 4λ+ 4 = 0, λ = 2, k = 2, (32)

y01 = e2t, y02 = te2t,

y0 = C1e
2t + C2te

2t. (33)

ÿ1 − 4ẏ1 + 4y1 = et (34)

y1 = Aet (35)

Aet − 4Aet + 4Aet = et (36)

A = 1, y1 = et (37)

ÿ2 − 4ẏ2 + 4y2 = 2 (38)

y2 = B (39)

4B = 2, B =
1

2
, y2 =

1

2
. (40)

y = y0 + y1 + y2 = C1e
2t + C2te

2t + et +
1

2
= (C1 + C2t) e

2t + et +
1

2
. (41)

et = x− 2

y = [C1 + C2 ln (x− 2)] (x− 2)
2
+ x− 3

2
. (42)
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