
V =

¨

Ω

f (x, y) dxdy (1)

V =

¨

Ω

(zsup − zinf ) dxdy (2)

1 Äåìèäîâè÷ � 4009

Íàéòè îáú¼ì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè:

z = x2 + y2, y = x2, y = 1, z = 0. (3)

y = x2, y = 1 : (4)

1



Â îáú¼ìå:

V =

¨

S

z (x, y) dxdy =

¨

S

(
x2 + y2

)
dxdy =

1ˆ

−1

dx

1ˆ

x2

dy
(
x2 + y2

)
=

1ˆ

−1

dx

(
x2y +

y3

3

)∣∣∣∣1
x2

=

=

1ˆ

−1

dx

[(
x2 +

1

3

)
−

(
x2x2 +

(
x2
)3

3

)]
=

1ˆ

−1

[
1

3
+ x2 − x4 − x6

3

]
dx =

[
1

3
x+

x3

3
− x5

5
− x7

21

]∣∣∣∣1
−1

= (5)

= 2

[
1

3
+

1

3
− 1

5
− 1

21

]
= 2

[
13

21
− 1

5

]
= 2

[
65

21 · 5
− 21

21 · 5

]
=

88

105
.

Çàäàíèå: � 4007
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2 Äåìèäîâè÷ � 4013

Ïåðåõîäÿ ê ïîëÿðíûì êîîðäèíàòàì, íàéòè îáúåìû òåë, îãðàíè÷åííûõ ñëåäóþùèìè ïîâåðõíîñòÿìè:

z2 = xy, x2 + y2 = a2 (6)

z1 =
√
xy, z2 = −√

xy; xy ⩾ 0 (7)
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V =

¨

Ω

(z1 − z2) dxdy =

¨

Ω

2
√
xydxdy (8)

{
x = r cosφ,
y = r sinφ;

(9)

|J | = r. (10)

V =

π/2ˆ

0

dφ

aˆ

0

dr
√

r cosφr sinφr =

π/2ˆ

0

dφ
√
cosφ sinφ

aˆ

0

drr2 =
a3

3

π/2ˆ

0

√
cosφ sinφdφ. (11)

sin2 φ = t

V =
a3

3

π/2ˆ

0

√
cosφ sinφdφ =

a3

3

π/2ˆ

0

cos−1/2 φ sin−1/2 φ cosφ sinφdφ =
a3

6

π/2ˆ

0

(
sin2 φ

)−1/4 (
cos2 φ

)−1/4 (
sin2 φ

)′
dφ =

=
a3

6

1ˆ

0

t−1/4 (1− t)
−1/4

dt =
a3

6

1ˆ

0

t3/4−1 (1− t)
3/4−1

dt =
a3

6
B

(
3

4
,
3

4

)
= (12)

çäåñü B
(
3
4 ,

3
4

)
� ýòî èíòåãðàë Ýéëåðà 1-ãî ðîäà

=
a3

6

Γ
(
3
4

)
Γ
(
3
4

)
Γ
(
6
4

) =
a3Γ2

(
3
4

)
3
√
π

.

Çàäàíèå: � 4014
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3 Äåìèäîâè÷ � 4022

Íàéòè îáú¼ì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè (a, b, c > 0):

x2

a2
+

y2

b2
− z2

c2
= −1,

x2

a2
+

y2

b2
= 1. (13)

x2

a2
+

y2

b2
+ 1 =

z2

c2
, (14)

z = ±c

√
x2

a2
+

y2

b2
+ 1. (15)

V =

¨

S

(zsup − zinf ) dxdy =

¨

x2

a2 + y2

b2
⩽1

2c

√
x2

a2
+

y2

b2
+ 1dxdy. (16)

{
x = ar cosφ,
y = br sinφ.

(17)

J = abr. (18)

x2

a2
+

y2

b2
=

a2r2 cos2 φ

a2
+

b2r2 sin2 φ

b2
= r2 cos2 φ+ r2 sin2 φ = r2. (19)

x2

a2 + y2

b2 ⩽ 1 =⇒ r2 ⩽ 1, r ⩽ 1.

V =

¨

x2

a2 + y2

b2
⩽1

2c

√
x2

a2
+

y2

b2
+ 1dxdy = 2c

2πˆ

0

dφ

1ˆ

0

dr
√

r2 + 1 · abr = 2abc · 2π · 1
3

(
r2 + 1

) 3
2

∣∣∣∣1
0

=
4π

3

[
2
√
2− 1

]
abc. (20)

Çàäàíèå: � 4021
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