
1 Ýêñòðåìóìû

1.1 Òåîðèÿ

Îäíîìåðíûé ñëó÷àé: x0 - òî÷êà ìàêñèìóìà, åñëè ∃ε > 0:

∀x ∈ (x0 − ε;x0 + ε) ⇒ f (x) < f (x0) . (1)

Ìèíèìóìà: f (x) > f (x0)).
Äëÿ ìíîãèõ ïåðåìåííûõ ε-îêðåñòíîñòü:(

x1 − x0
1

)2
+ . . .+

(
xn − x0

n

)2
< ε2 (2)

èëè 
∣∣x1 − x0

1

∣∣ < ε,
· · · · · · · · · · · · · · · · · ·∣∣xn − x0

n

∣∣ < ε.
(3)

Åñëè â íåé f (x1 . . . xn) > f
(
x0
1 . . . x

0
n

)
- ìèíèìóì, f (x1 . . . xn) < f

(
x0
1 . . . x

0
n

)
- ìàêñèìóì

Óñëîâèå íåîáõîäèìîå:
df = 0 : (4) f ′

x1
(x1 . . . xn) = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . .
f ′
xn

(x1 . . . xn) = 0.
(5)

Óñëîâèå äîñòàòî÷íîå:
d2f < 0 − max, (6)

d2f > 0 − min. (7)

1.2 Ïðèìåð

� 3643: Íàéòè ýêñòðåìóìû ôóíêöèè

u (x, u, z) = x3 + y2 + z2 + 12xy + 2z (8)

Èç (5) 
u′
x = 3x2 + 12y = 0
u′
y = 12x+ 2y = 0
u′
z = 2z + 2 = 0

(9)

z = −1, y = −6x:
3x2 − 6 · 12x = 0 (10)

x (x− 24) = 0 (11)

x1 = 0, x2 = 24 (12)

y1 = 0, y2 = −144 (13)

Ïîëó÷àåì äâå òî÷êè: A (0, 0,−1) è B (24,−144,−1).
d2u:

du =
(
3x2 + 12y

)
dx+ (12x+ 2y) dy + (2z + 2) dz (14)

d2u = (6xdx+ 12dy) dx+ (12dx+ 2dy) dy + (2dz) dz =

= 6x (dx)
2
+ 24dxdy + 2 (dy)

2
+ 2 (dz)

2
(15)

A)

d2u
∣∣
A
= 24dxdy + 2 (dy)

2
+ 2 (dz)

2
= 2

[
(dy)

2
+ 2 · 6dxdy + (6dx)

2 − (6dx)
2
]
+ 2 (dz)

2
=

= 2 (dy + 6dx)
2 − 72 (dx)

2
+ 2 (dz)

2
(16)

Ïîäñòàâèì dx = 0, dy = 1 è dz = 0, òîãäà d2u
∣∣
A
= 2 > 0. Íî åñëè dx = 1, dy = −6 è dz = 0, òî d2u

∣∣
A
= −72 < 0.

B)

d2u
∣∣
B
= 6 · 24 (dx)2 + 24dxdy + 2 (dy)

2
+ 2 (dz)

2
= (12dx)

2
+ 2 · 12dxdy + (dy)

2
+ (dy)

2
+ 2 (dz)

2
=

= (12dx+ dy)
2
+ (dy)

2
+ 2 (dz)

2
> 0, (17)

ìèíèìóì.
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1.3 Íåñòðîãèé ýêñòðåìóì

d2f ⩾ 0 èëè d2f ⩽ 0
� 3623:

z (x, y) = (x− y + 1)
2

(18)

dz = 2 (x− y + 1) (dx− dy) (19)

dz = 0, ⇒ x− y + 1 = 0, ⇒ y = x+ 1 (20)

Ðåøåíèÿ îáðàçóþò ïðÿìóþ.

d2z = 2 (dx− dy) (dx− dy) = 2 (dx− dy)
2 ⩾ 0 (21)

íåñòðîãèé ìèíèìóì.

Ðåøèòü ñàìèì: � 3621, 3622, 3644, 3646.
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2 Óñëîâíûå ýêñòðåìóìû

2.1 Òåîðèÿ

Óñëîâíûå ýêñòðåìóìû f (x1, . . . , xn), íà ïîäìíîæåñòâå φ1 (x1, . . . , xn) = 0,
. . . . . . . . . . . . . . . . . . . . . . . .
φm (x1, . . . , xn) = 0.

(22)

1) Ñîñòàâèì ôóíêöèþ Ëàãðàíæà
L = f + λ1φ1 + . . .+ λmφm, (23)

λ1, . . . , λm = const 

∂L
∂x1

= 0

· · · · · · · · · · · · · · · · · · · · · · · · · · ·
∂L
∂xn

= 0
∂L
∂λ1

= φ1 = 0

· · · · · · · · · · · · · · · · · · · · · · · · · · ·
∂L
∂λm

= φm = 0

(24)

2) 
∂φ1

∂x1
dx1 + . . .+ ∂φ1

∂xn
dxn = 0,

. . . . . . . . . . . . . . . . . . . . . . . .
∂φm

∂x1
dx1 + . . .+ ∂φm

∂xn
dxn = 0.

d2f < 0 (< 0) (25)

2.2 Ïðèìåð

�3655 Íàéòè ýêñòðåìóìû ôóíêöèè

z =
x

a
+

y

b
(26)

ïðè óñëîâèè
x2 + y2 = 1 (27)

ôóíêöèÿ Ëàãðàíæà

L = z + λφ =
x

a
+

y

b
+ λ

(
x2 + y2 − 1

)
(28)

dL =

(
1

a
+ 2xλ

)
dx+

(
1

b
+ 2yλ

)
dy +

(
x2 + y2 − 1

)
dλ = 0. (29)

3




1
a + 2xλ = 0
1
b + 2yλ = 0

x2 + y2 − 1 = 0,
(30)


x = − 1

2λa
y = − 1

2λb(
1

2λa

)2
+

(
1

2λb

)2 − 1 = 0

(31)

1

a2
+

1

b2
= 4λ2 (32)

4λ2 =
b2 + a2

a2b2
(33)

λ = ±
√
b2 + a2

2ab
(34)

1

λ
= ± 2ab√

b2 + a2
(35)

Äâå òî÷êè: {
x = − b√

b2+a2
,

y = − a√
b2+a2

;

{
x = b√

b2+a2
,

y = a√
b2+a2

.
(36)

Èç (27):
xdx+ ydy = 0, (37)

dy = −x

y
dx. (38)

dz =
dx

a
+

dy

b
=

dx

a
− x

y

dx

b
=

(
1

a
− x

y

1

b

)
dx (39)

Åù¼ ðàç (38):

d2z = d

(
1

a
− x

y

1

b

)
dx = −dx

b
d
x

y
= −dx

b

ydx− xdy

y2
=

xdy − ydx

y2
dx

b
=

=
−x2

y dx− ydx

y2
dx

b
= −x2 + y2

y3
(dx)

2

b
(40)

(27):

d2z = − 1

y3
(dx)

2

b
. (41)

Òî÷êà ïåðâàÿ:

y = − a√
b2 + a2

1

y3
= −

(
b2 + a2

)3/2
a3

(42)

d2z =

(
b2 + a2

)3/2
a3

(dx)
2

ab
=

(
b2 + a2

)3/2
a4b

(dx)
2

(43)

sgn
(
d2z

)
= sgn b

Òî÷êà âòîðàÿ:

y =
a√

b2 + a2
1

y3
=

(
b2 + a2

)3/2
a3

(44)

d2z = −
(
b2 + a2

)3/2
a4b

(dx)
2

(45)

sgn
(
d2z

)
= −sgn b.

Ðåøèòü ñàìèì: � 3654, 3659, 3663.
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