
1 Òåîðèÿ

Ax2 + 2Bxy + Cy2 + ax+ by + c = 0 (1)

{
x′ = r′ cosφ′

y′ = r′ sinφ′ (2)

r = r′, φ = φ′ + α {
x = r cosφ = r′ cos (φ′ + α) = r′ cosφ′ cosα− r′ sinφ′ sinα = x′ cosα− y′ sinα
y = r sinφ = r′ sin (φ′ + α) = r′ sinφ′ cosα+ r′ cosφ′ sinα = y′ cosα+ x′ sinα

(3)

Íîâàÿ êâàäðàòè÷íàÿ ÷àñòü:

Ax2 + 2Bxy + Cy2 = A (x′ cosα− y′ sinα)
2
+ 2B (x′ cosα− y′ sinα) (y′ cosα+ x′ sinα) + C (y′ cosα+ x′ sinα)

2
=

= A

(
x′2 cos2 α− 2x′y′ sinα cosα+ y′2 sin2 α

:::::::

)
+

+2B

(
x′2 sinα cosα− y′2 cosα sinα

:::::::::::
+ x′y′ cos2 α− y′x′ sin2 α

)
+

+C

(
y′2 cos2 α
:::::::

+ 2x′y′ cosα sinα+ x′2 sin2 α

)
=

=
(
A cos2 α+ 2B sinα cosα+ C sin2 α

)
x′2 +

(
A sin2 α− 2B cosα sinα+ C cos2 α

)
y2+ (4)

+
[
−2A sinα cosα+ 2B

(
cos2 α− sin2 α

)
+ 2C cosα sinα

]
x′y′ =

=
(
A cos2 α+B sin 2α+ C sin2 α

)
x′2 +

(
A sin2 α−B sin 2α+ C cos2 α

)
y′2+

+(−A sin 2α+ 2B cos 2α+ C sin 2α)x′y′
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Ïîòðåáóåì:

−A sin 2α+ 2B cos 2α+ C sin 2α = 0

∣∣∣∣· 1

sin 2α
(5)

sin 2α ̸= 0, 2α ̸= πn, α ̸= π
2n

−A+ 2Bctg 2α+ C = 0 (6)

B ̸= 0

ctg 2α =
A− C

2B
(7)

A ̸= C

tg 2α =
2B

A− C
(8)

2α = arcctg
A− C

2B
∈ (0;π) , α =

1

2
arcctg

A− C

2B
∈
(
0;

π

2

)
(9)

2 Ïðèìåð 1: øêîëüíàÿ ãèïåðáîëà

y =
1

x
, xy − 1 = 0 (10)

Ax2 + 2Bxy + Cy2 = xy (11)

A = C = 0, 2B = 1 (12)

α =
1

2
arcctg

A− C

2B
=

1

2
arcctg

0

1
=

1

2

π

2
=

π

4
(13)

Ax2 + 2Bxy + Cy2 = xy = (14)

= B sin 2αx′2 −B sin 2αy2 + 2B cos 2αx′y′ =
1

2
sin

π

2
x′2 − 1

2
sin

π

2
y′2 + cos

π

2
x′y′ =

1

2
x′2 − 1

2
y′2

1

2
x′2 − 1

2
y′2 − 1 = 0 (15)

x′2

2
− y′2

2
= 1 (16)
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3 Ïðèìåð 2:

2x2 − 4xy + 5y2 + 8x− 2y + 9 = 0 (17)

A = 2, B = −2, C = 5,
A− C

2B
=

2− 5

−4
=

3

4
(18)

ctg 2α =
3

4
, 2α ∈

(
0;

π

2

)
(19)

tg 2α =
4

3
(20)

òðèã. âûðàæåíèÿ

tg2 2α+ 1 =
1

cos2 2α
(21)

cos2 2α =
1

tg2 2α+ 1
=

1(
4
3

)2
+ 1

=
9

16 + 9
=

9

25
, cos 2α =

3

5
(22)

sin2 2α = 1− cos2 2α = 1− 9

25
=

16

25
, sin 2α =

4

5
(23)

cos2 α =
1 + cos 2α

2
=

1 + 3
5

2
=

8

10
=

4

5
(24)

sin2 α =
1− cos 2α

2
=

1− 3
5

2
=

2

10
=

1

5
(25)

Êâàäðàòè÷íàÿ ÷àñòü
Ax2 + 2Bxy + Cy2 =

=
(
A cos2 α+B sin 2α+ C sin2 α

)
x′2 +

(
A sin2 α−B sin 2α+ C cos2 α

)
y′2+

+ [(C −A) sin 2α+ 2B cos 2α]x′y′; (26)

îòñþäà
2x2 − 4xy + 5y2 =

=
(
2 cos2 α− 2 sin 2α+ 5 sin2 α

)
x′2 +

(
2 sin2 α+ 2 sin 2α+ 5 cos2 α

)
y′2+

+ [3 sin 2α− 4 cos 2α]x′y′ = (27)

=

(
2
4

5
− 2

4

5
+ 5

1

5

)
x′2 +

(
2
1

5
+ 2

4

5
+ 5

4

5

)
y′2+

+

[
3
4

5
− 4

3

5

]
x′y′ = x′2 + 6y′2.

Ëèíåéíàÿ

cosα =

√
4

5
=

2√
5
; sinα =

√
1

5
=

1√
5

(28){
x = x′ cosα− y′ sinα = x′ 2√

5
− y′ 1√

5

y = y′ cosα+ x′ sinα = y′ 2√
5
+ x′ 1√

5

(29)

8x− 2y = 8

(
x′ 2√

5
− y′

1√
5

)
− 2

(
y′

2√
5
+ x′ 1√

5

)
=

1√
5
[8 (2x′ − y′)− 2 (2y′ + x′)] =

=
1√
5
(14x′ − 12y′) =

14√
5
x′ − 12√

5
y′. (30)

Âñ¼ âìåñòå

2x2 − 4xy + 5y2 + 8x− 2y + 9 = x′2 + 6y′2 +
14√
5
x′ − 12√

5
y′ + 9 =

=

(
x′2 + 2

7√
5
x′ +

49

5
− 49

5

)
+ 6

(
y′2 − 2

1√
5
y′ +

1

5
− 1

5

)
+ 9 =

=

(
x′ +

7√
5

)2

+ 6

(
y′ − 1√

5

)2

+ 9− 49

5
− 6

5
= 0 (31)

(
x′ +

7√
5

)2

+ 6

(
y′ − 1√

5

)2

= 2 (32)
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(
x′ + 7√

5

)2
2

+

(
y′ − 1√

5

)2
2
6

= 1 (33)

(
x′ + 7√

5√
2

)2

+

y′ − 1√
5√

1
3

2

= 1 (34)

Öåíòð:
(
− 7√

5
, 1√

5

)
{

x = x′ 2√
5
− y′ 1√

5
= − 7√

5
2√
5
− 1√

5
1√
5
= − 14

5 − 1
5 = −3

y = y′ 2√
5
+ x′ 1√

5
= 1√

5
2√
5
− 7√

5
1√
5
= 2

5 − 7
5 = −1

(35)
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