
1 Âåêòîðû è áàçèñû â ëèíåéíîì ïðîñòðàíñòâå

Áàçèñ (ïðàâèëî Ýéíøòåéíà) x⃗ ∈ L, e⃗k ∈ L
(e⃗1 . . . e⃗n) (1)

x⃗ = x1e⃗1 + · · ·+ xne⃗n =

n∑
i=1

xie⃗i = xie⃗i (2)

X =


x1

x1

...
xn

 , x⃗ = (e⃗1 . . . e⃗n)


x1

x1

...
xn

 = (e⃗1 . . . e⃗n)X (3)

Íîâûé áàçèñ:
(e⃗′1 . . . e⃗

′
n) = (e⃗1 . . . e⃗n)S, (4)

S - ìàòðèöà ïåðåõîäà.

S =


e11 e12 · · · e1n
e21 e22 · · · e2n
...

...
. . .

...
en1 en2 · · · enn

 (5)

SS−1 = S−1S = E, eik
(
e−1
)k
j
=
(
e−1
)i
k
ekj = δij (6)

Ñìåíà áàçèñà äëÿ âåêòîðà:
x⃗ = (e⃗1 . . . e⃗n)X = (e⃗′1 . . . e⃗

′
n)X

′ = (e⃗1 . . . e⃗n)SX
′ (7)

(e⃗1 . . . e⃗n) (X − SX ′) = 0 (8)

e⃗i
(
xi − eikx

′k) = 0 =⇒ xi = eikx
′k (9)

X − SX ′ = 0 (10)

X = SX ′, X ′ = S−1X (11)

x′i =
(
e−1
)i
k
xk (12)

2 Êîâåêòîðû è äóàëüíûå áàçèñû â äóàëüíîì ïðîñòðàíñòâå

Ëèí. ôîðìà (êîâåêòîð)
φ : L→ Rφ (x⃗) = κ (13)

φ (αx⃗+ βy⃗) = αφ (x⃗) + βφ (y⃗) (14)

φ (x⃗) = φ
(
x1e⃗1 + · · ·+ xne⃗n

)
= x1φ (e⃗1) + · · ·+ xnφ (e⃗n) (15)

φ (e⃗k) ≡ φk, φ (x⃗) = xkφk (16)

Ñóììà ôîðì
(φ+ ψ) (x⃗) = φ (x⃗) + ψ (x⃗) = xk (φk + ψk) (17)

Óìíîæåíèå ôîðìû íà ÷èñëî
αφ (x⃗) = αxkφk = xk (αφk) (18)

φ ∈ L∗ - äóàëüíîå ïðîñòðàíñòâî ê L, φ - êîâåêòîðû.
Áàçèñíûå ôîðìû:

ϵ1 = (1, 0, . . . , 0) , ϵ2 = (0, 1, . . . , 0) , . . . ϵn = (0, 0, . . . , 1) (19)

ϵi (e⃗k) = δik (20)

φiϵ
i (x⃗) = φiϵ

i
(
xke⃗k

)
= xkφiϵ

i (e⃗k) = xkφiδ
i
k = xkφk = φ (x⃗) (21)

ϵ1 . . . ϵn - áàçèñ â
∗
L, äóàëüíûé ê (e⃗1 . . . e⃗n).

Ñìåíà áàçèñà äëÿ êîâåêòîðà:
φ (x⃗) = x′kφ′

k = xiφi = eikx
′kφi (22)

x′k
(
φ′
k − eikφi

)
= 0, ∀x⃗ (23)

x′k = δk1 =⇒ φ′
1 − ei1φi = 0, =⇒ φ′

1 = ei1φi (24)

x′k = δk2 =⇒ φ′
2 − ei2φi = 0, =⇒ φ′

2 = ei2φi (25)

è ò.ä.

φ′
k = eikφi, φi =

(
e−1
)k
i
φ′
k (26)
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3 Òåíçîðû

Ïîíÿòèå òåíçîðà

T : L× · · · × L︸ ︷︷ ︸
p

×
∗
L× · · · ×

∗
L︸ ︷︷ ︸

q

→ R (27)

T
(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
= α ∈ R, x⃗α ∈ L, ωβ ∈ L∗ (28)

T
(
x⃗1, . . . , ax⃗α + by⃗, . . . , x⃗p, ω

1, . . . , ωq
)
= aT

(
x⃗1, . . . , x⃗α, . . . , x⃗p, ω

1, . . . , ωq
)
+ bT

(
x⃗1, . . . , y⃗, . . . , x⃗p, ω

1, . . . , ωq
)

(29)

x⃗α = xiαe⃗i ∈ L, ωj = ωβ
j ϵ

j ∈ L∗, ϵj (e⃗i) = δji . (30)

T
(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
= T

(
xi11 e⃗i1 , . . . , x

ip
p e⃗ip , ω

1
j1ϵ

j1 , . . . , ωq
jq
ϵjq
)
= (31)

= xi11 . . . x
ip
p ω

1
j1 . . . ω

q
jq
T
(
e⃗i1 , . . . , e⃗ip , ϵ

j1 , . . . , ϵjq
)
= xi11 . . . x

ip
p ω

1
j1 . . . ω

q
jq
T

j1...jq
i1...ip

,

ãäå
T

j1...jq
i1...ip

≡ T
(
e⃗i1 , . . . , e⃗ip , ϵ

j1 , . . . , ϵjq
)
. (32)

Ïðåîáðàçîâàíèå êîìïîíåíò òåíçîðîâ ïðè ñìåíå áàçèñà

xi = eii′x
i′ , ωj =

(
e−1
)j′
j
ωj′ (33)

T = x
i′1
1 . . . x

i′p
p ω

1
j′1
. . . ωq

j′q
T

j′1...j
′
q

i′1...i
′
p
= xi11 . . . x

ip
p ω

1
j1 . . . ω

q
jq
T

j1...jq
i1...ip

= (34)

=
(
ei1i′1
x
i′1
1

)
. . .
(
e
ip
i′p
x
i′p
p

)
·
[(
e−1
)j′1
j1
ω1
j′1

]
. . .
[(
e−1
)j′q
jq
ωq
j′q

]
· T j1...jq

i1...ip

x
i′1
1 . . . x

i′p
p ω

1
j′1
. . . ωq

j′q
T

j′1...j
′
q

i′1...i
′
p
− ei1i′1

x
i′1
1 . . . e

ip
i′p
x
i′p
p ·
(
e−1
)j′1
j1
ω1
j′1
. . .
(
e−1
)j′q
jq
ωq
j′q

· T j1...jq
i1...ip

= 0 (35)

x
i′1
1 . . . x

i′p
p ω

1
j′1
. . . ωq

j′q

[
T

j′1...j
′
q

i′1...i
′
p
− ei1i′1

. . . e
ip
i′p
·
(
e−1
)j′1
j1
. . .
(
e−1
)j′q
jq

· T j1...jq
i1...ip

]
= 0 (36)

∀ xi11 . . . x
ip
p ω1

j1
. . . ωq

jq
:

T
j′1...j

′
q

i′1...i
′
p
= ei1i′1

. . . e
ip
i′p
·
(
e−1
)j′1
j1
. . .
(
e−1
)j′q
jq

· T j1...jq
i1...ip

(37)

Âåêòîð - òîæå òåíçîð:
x⃗ (φ) ≡ φ (x⃗) = xiφi ∈ R

4 Äåéñòâèÿ ñ òåíçîðàìè

4.1 Óìíîæåíèå íà ÷èñëî

S
(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
= aT

(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)

(38)

S
j1...jq
i1...ip

= aT
j1...jq
i1...ip

(39)

4.2 Óìíîæåíèå

T1
(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
= α, T2

(
y⃗1, . . . , y⃗s, ν

1, . . . , νt
)
= β (40)

T1
(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
T2
(
y⃗1, . . . , y⃗s, ν

1, . . . , νt
)
= αβ (41)

T1
(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
T2
(
y⃗1, . . . , ay⃗k + bz⃗, . . . , y⃗s, ν

1, . . . , νt
)
= (42)

= aT1
(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
T2
(
y⃗1, . . . , y⃗k, . . . , y⃗s, ν

1, . . . , νt
)
+ bT1

(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
T2
(
y⃗1, . . . , z⃗, . . . , y⃗s, ν

1, . . . , νt
)

T1
(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
T2
(
y⃗1, . . . , y⃗s, ν

1, . . . , νt
)
≡ S

(
x⃗1, . . . , x⃗p, y⃗1, . . . , y⃗s, ω

1, . . . , ωq, ν1, . . . , νt
)

(43)

S
j1...jq+t

i1...ip+s
≡ S

(
e⃗i1 , . . . , e⃗ip , e⃗ip+1 , . . . , e⃗ip+s , ϵj1 , . . . , ϵjq , ϵjq+1 , . . . , ϵjq+t

)
= (T1)

j1...jq
i1...ip

(T2)
j1...jt
i1...is

(44)

ïðèìåð äâóõ âåêòîðîâ
x⃗ (ω) y⃗ (ν) = xiykωiνk (45)

Àðãóìåíòû äîëæíû áûòü ðàçíûå: ðàññìîòðèì x⃗ (ω) y⃗ (ω):

x⃗ (αω + βν) y⃗ (αω + βν) = αx⃗ (ω) y⃗ (αω + βν) + βx⃗ (ν) y⃗ (αω + βν) =

=
[
α2x⃗ (ω) y⃗ (ω) + αβx⃗ (ω) y⃗ (ν)

]
+
[
αβx⃗ (ν) y⃗ (ω) + β2x⃗ (ν) y⃗ (ν)

]
=

= α2x⃗ (ω) y⃗ (ω) + αβ [x⃗ (ω) y⃗ (ν) + x⃗ (ν) y⃗ (ω)] + β2x⃗ (ν) y⃗ (ν) ̸= (46)

̸= αx⃗ (ω) y⃗ (ω) + βx⃗ (ν) y⃗ (ν)
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4.3 Ñëîæåíèå

S = T1 + T2 = α+ β, (47)

T1 (x⃗1, . . . , ω
q) + T2 (. . . , ay⃗k + bz⃗, . . . ) = T1 + aT2 (. . . , y⃗k, . . . ) + bT2 (. . . , z⃗, . . . ) ̸= a (T1 + T2) + b (T1 + T2) (48)

(T1 + T2) (x⃗1, . . . , ω
q) = T1 (x⃗1, . . . , ω

q) + T2 (x⃗1, . . . , ω
q) = S (x⃗1, . . . , ω

q) (49)

Àðãóìåíòû îäèíàêîâûå.
S
j1...jq
i1...ip

= (T1)
j1...jq
i1...ip

+ (T2)
j1...jt
i1...is

(50)

4.4 Ïåðåñòàíîâêà èíäåêñîâ

S
(
x⃗1, . . . , x⃗p, ω

1, . . . ωk, . . . ωm, . . . , ωq
)
≡ T

(
x⃗1, . . . , x⃗p, ω

1, . . . ωm, . . . ωk, . . . , ωq
)

(51)

T
j1...k...m...jq
i1...ip

−→ S
j1...k...m...jq
i1...ip

= T
j1...m...k...jq
i1...ip

(52)

(àíàëîãè÷íî ñíèçó)

4.4.1 Ñèììåòðèçàöèÿ

T
j1...(jk...jq)
i1...ip

=
1

(q − k + 1)!
σ
jk...jq
j′k...j

′
q
T

j1...j
′
k...j

′
q

i1...ip
(53)

σ
jk...jq
j′k...j

′
q
=

{
1, {jk, . . . , jq} =

{
j′k, . . . , j

′
q

}
0

(54)

Äâóõèíäåêñíûé ïðèìåð:

A(ik) =
1

2

(
Aik +Aki

)
(55)

Òð¼õèíäåêñíûé ïðèìåð:

B(ijk) =
1

6

(
Bijk +Bikj +Bkij +Bkji +Bjki +Bjik

)
(56)

4.4.2 Àíòèñèììåòðèçàöèÿ

Íå÷¼òíûå ïåðåñòàíîâêè - ñ ìèíóñîì:

T
j1...[jk...jq ]
i1...ip

=
1

(q − k + 1)!
δ
jk...jq
j′k...j

′
q
T

j1...j
′
k...j

′
q

i1...ip
(57)

A[ik] =
1

2

(
Aik −Aki

)
(58)

B[ijk] =
1

6

(
Bijk −Bikj +Bkij −Bkji +Bjki −Bjik

)
(59)

4.5 Ñâ¼ðòêà èíäåêñîâ

T
(
x⃗1, . . . , x⃗p, ω

1, . . . , ωq
)
−→ T

j1...jk−1jkjk+1...jq
i1...im−1imim+1...ip

−→

(
n∑

r=1

)
T

j1...jk−1rjk+1...jq
i1...im−1rim+1...ip

= S
j1...jk−1jk+1...jq
i1...im−1im+1...ip

−→

−→ S
(
x⃗1, . . . , x⃗p−1, ω

1, . . . , ωq−1
)
. (60)

Ïðè ñìåíå áàçèñà:

S
j′1...j

′
k−1j

′
k+1...j

′
q

i′1...i
′
m−1i

′
m+1...i

′
p
= T

j′1...r
′...j′q

i′1...r
′...i′p

=
[
ei1i′1

. . . er2r′ . . . e
ip
i′p

] [(
e−1
)j′1
j1
. . .
(
e−1
)r′
r1
. . .
(
e−1
)j′q
jq

]
T

j1...r1...jq
i1...r2...ip

=

=
[
ei1i′1

. . . e
ip
i′p

] [(
e−1
)j′1
j1
. . .
(
e−1
)j′q
jq

]
er2r′
(
e−1
)r′
r1
T

j1...r1...jq
i1...r2...ip

; (61)

er2r′
(
e−1
)r′
r1
T

j1...r1...jq
i1...r2...ip

= δr2r1T
j1...r1...jq
i1...r2...ip

= T
j1...r1...jq
i1...r1...ip

= S
j1...jq
i1...ip

(62)

S
j′1...j

′
k−1j

′
k+1...j

′
q

i′1...i
′
m−1i

′
m+1...i

′
p
=
[
ei1i′1

. . . e
ip
i′p

] [(
e−1
)j′1
j1
. . .
(
e−1
)j′q
jq

]
S
j1...jq
i1...ip

(63)

- òåíçîðíûé çàêîí ïðåîáðàçîâàíèÿ.
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5 Íåêîòîðûå òåíçîðû

5.1 Òåíçîð Êðîíåêåðà (n = 4)

δij =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (64)

T
j1...jk...jq
i1...ip

δmjk = T
j1...1...jq
i1...ip

δm1 + · · ·+ T
j1...m...jq
i1...ip

δmm + · · ·+ T
j1...n...jq
i1...ip

δmn = (65)

= 0 + · · ·+ T
j1...m...jq
i1...ip

· 1 + · · ·+ 0 = T
j1...m...jq
i1...ip

δi
′

j′ = Sj
j′

(
S−1

)i′
i
δij = Sj

j′

(
S−1

)i′
j
= Sj

j′

(
S−1

)i′
j
=
(
S−1

)i′
j
Sj
j′ =

(
S−1 · S

)i′
j′
=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (66)

êîìïîíåíòû ñîõðàíÿþòñÿ ïðè ñìåíå áàçèñà.

5.2 Ñêàëÿðíîå ïðîèçâåäåíèå

(X · Y ) = G (X,Y ) = gikx
iyk ∈ R (67)

Ñèììåòðèÿ:
gik = gki, det ∥gik∥ ≠ 0 (68)

Ìåòðèêà â äóàëüíîì ïðîñòðàíñòâå:
gikg

kj = δji (69)

(φ · ω) = G̃ (φ, ω) = gkjφkωj (70)

Òåíçîð Ìèíêîâñêîãî:

ηik =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 , ηik =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 (71)

ηikηkj = δij (72)

Ïîäíÿòèå è îïóñêàíèå èíäåêñîâ

T
j1...jk−1jkjk+1...jq
i1...ip

gjkm = T
j1...jk−1jk+1...jq
i1...ipm

(73)

A··m
ij· = Aijkg

km, A·m·
i·k = Aijkg

jm, Rtjkl = Ri
·jklgit (74)
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